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STHIISTICS & PROBAtsILITY THEORY

For B.Tbch.'4th Sem' (CS/IT)

thdir eveIl lpggg, ProbabilitY

computations of mean time to

expectations, moments,

Poisson processes'

B

Tnfrndrt
ofevents,

's theorem Random
inn & T)i random variables SamPle

generating function,

failure, Bernoulli &

Discrete & continuous distributions Probability
and exponential

distribution &
distribution

nomial, Poisson,densities:B

& their PDF's, moments and MCF 's for above distributions.

Correlation & Regression Correlation & regression: Linear

correlation, Method of least squares Fitting of straight lines

bola. Normal regression and oorrelation analysis

regression, Rank

& second degree

para

Queuing Theory Pure birth, pure death and b irth-death processes' Mathematical

models for ir4IWl, I\4/MN, M/IWS and M/M/S/N queues

Discrete Parameter mark on chains: IWG/I Queuing

parameter birth-death Process'

model, Discrete
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Foornima College of Engineering, Jaipur

Department of Computer trngineering

Visioxa
Evolve as a centre of excellence with wider recognition and to adapt

the rapid innovation in Computer Engineering

h&issioxr
e l'o provide a iearning-centered environment that r,vill enable

students and l'aculty rnembers to achieve their goals empowering

then-r to cornpete globaliy for the most desirable careers in

academia zrnd industry

o fo contribute significantly to the research and the discovery of

new rircll:ls o1'linowlcclge and mcthods in the rapici cieve loping

l l elcl o l' Con-rputel l.;ngiiteering

* 'l o sr-ipporl societ-v thrbLrgh partioipation anci transllr of'

advancecl technology from one se ctor to :rnother
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Poornima College of trngineering, Jaipur
Department of Computer Engineering

Program Educationa I Obiec tives (PEOs)

Graduates u,ill r,r,ork procluctively as skillhrl er-rgineels playing the ieading roles in multil-acetecl

lcanrs.

Gracluates u,ill iclcntif-v thc solLrtibrrs lor cirallenqing issues inspiring tltc tt|eotttiuu gu-ne-t'atiotts

leading them torvarcls innovative, creativc. and sophisticated technologies.

Gracluates rvill inrplement their pionecring ideas lrrncticall.r-' to create novci ploclucts and the

leasihlc solutions oi'rescar-ch orienlecl problen-ts

Program 0u tcomes (POs)

An abilitv to appl,v the liuowledge olmathematics, science. engineering fundamentais, algorithmic

principles and comiruting {or the solution of complex engineering problems.

Air rbilitv to cicsrgn and conciuot expcriments, analyze and interplet data flncling thc conrprrtiug

lecluirements u,ith appropriate solutions.

An airiiitv to design a computer based system, component, or process to meet the desired needs

lvitirin realistic constraints such as econornic. enr,ironmental, social, political, ethical" lieaith.
s at-et.,,. rnan,r fhctun-ab i I itr. ancl s LLstainabil it,v etc.

An ability to tunction eff-ectively in multidiscipiinary teams,

z\n ability to identify, fonnulate, and soive engineering problems by applying the appropriate

c,.rn-rputrne techniques. proglessive resources and modern JT tools with an understanding of the
limilrtions.
An uncierstanding of prof-essional, ethical, security, legal, social issues and responsibilities torvards

thcse .

An ability to con:municate efl-ectively on complex engineering activities witli the engineering
u,,lir:t ',trili lrttl.i 1it" ..,,ei.'tr .

L
a.

b.

c.

d.

e.

f.

\
1\
L..

h. fh'.: u'iden edr:cation necessarv to understand ancl analyze tlre iurpact of computing anci

tt'tgittr:r:rit.tg solutions in a gkrbal. ccunonlic. euvilttnnierrtiri anc.1 :,ocietal coirtext.
i. Rc.or;lirtitioir of thc need rvitir an erlqaqenrcnt in lilciorrg iearninq in thc context o1'tcclino]L.gical

cir iiirg t .

j Knou,leclge olconter-nporliry isstrcs.

k. An ability to use the techniques. skills. and modern engineerins tools necessary for computing anci

enIi tt.'et'i rtB l)r'act iec

1. An lbilitl'' to contributc in thc liLritfirl rvorliing as an ei'ilcient r:rcn'rirer ola team in
mrrli,icliscipiinary enr.irottments rvith a concern o1'enginccrin"g anrl iltanageiner-rt principles.

nr. ,Atl riirilitl" to appll'thc basic piinciples ancl practices of Cc,ntplrtr,:r Engineerins alci iis all arerrlrs 13

lutllil tiie recluirements ol custoincrs in context oi'busincss.

i
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TEACHII\G & LEARNIITG

Teaching learning process consists of four basic elements:

(a)Assessment: Conducting OBT, Assignments, futorials, class

test.

(b) Planning: Prepare the deployment, lecturer notes with the

help of reference books and last year question papers. Also plan

the SPL, PPT and Important question banks.

(c)Implementation: Through lecturer class, tutorials and extra

Iecturers.

(d) Evaluation: Two mid Term test and RTU Examination.

It is method for monitoring and judging the overall quality of

learning or teaching based on objective, data and scientific criteria.

L

.\t
L

\
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Poornima College of Engineering, Jaipur
Department of Computer Engineering

Session 2016-17 (Even Semester)
RTU Syllabus - ABC Analysis

Sub Code: 4CS03
Sub Name: Statistics and probability Theory

Unit No.

1

t
L

C

J

Bemoulli & Poisson

Processes.

Correlation & Regression

Correlation & regression: Linear

regression, Rank

correlation, Method of least squares

Fitting of straight lines & second

degree

parabola. Normal regression and

correlation analysis.

[.
4

5

BA

Random variable & their event

space, probability generating

function,

expectations, moments,
computations of mean time to
failure,

Introduction & Discrete

random variables

Sample space, events,

algebra ofevents,
Bernoulli's trials,
Probability & Baye's

theorem

Probability distribution &
probability densities:

Binomial, Poisson, normal

rectangular and

exponential distribution &
their PDF's, moments and

MGF's for
above distributions.

Queuing Theory
Pure birth, pure death and birth-

death processes. Mathematical

models for M/M/l,
M/l\44{, M/44/S and M/IWSA{
queues..

Discrete Parameter mark

on chains:

MIGII Queuing model,

Discrete parameter birth-
death process.

A - Difficult B - Average C - Easy
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Calendar for Even Semester (2017-2018)
nV*

J Februa
i \r'
' March

ri*
yil*aw

L
MA June

Sun Mon Tue Wed Thu Fri Sat

1 2

J 4 5 6 7 8 9

l0 lt 12 l-, 14 t5 r6

17 l8 19 20 21 22 l-)

1^
-+ 25 26 27 28 29 30

Note: - Please do the needful.

1) Indicate/Underline the Mid-Term Exams dates as per Academic Calendar (AC).
2) Encircle the holidays as per AC.
3) Calculate the number of days available for actual conduction of classes as per time

table provided by HOD.
4) If you are pursuing higher studies please plan for replacement of classes"

\

SnfSun Mon Tue \iled Thu Fri
2_I

R g 10!7, k) 6 7

II 12 13 14 l5 r6 17

18 l9 20 21 22 ZJ 24

)5 )6 )'7 )R

Sun Mon Tue Wed Thu Fri Sat

I a)
9 104 5 6 7 8

ll lt2 13 14 l5 t6 17

18 l9 20 21 22 23 24

25 26 27 28 29 30 3l

Sun Mon Tue Wed Thu Fri Sat
1 Z J 4 5 6

7 8 9 10 l1 12 13

14 15 t6 t7 l8 t9 20

21 22 23 24 25 (A 27

28 29 30 t 3ll

Sun NIon Tue Wed Thu Fri Sat
1 2 J 4 5 6 7

8 9 10 l1 12 13 ( 14l"

15 16 17 18 19 20 21

22 23 24 25 26 27 28

29 * I

Sun Mon Tue \Yed Thu Fri Sat
-t 2 J 1 5

6 7 8 9 i0 il t2

r3 t4 t5 t6 t7 l8 t9

20 21 22 24 25 26

27 28 29 30 3l

-\+il'd{1
11 l'
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Calendar for Even (2017-20t8)

Fetrrua March

.Iune

a"lx

r"+

A ril
Sun Mon Tue Wed Thu Fri Sat

I 2

J 4 5 6 7 8 9

l0 1t 12 l3 1.1 l5 r6

t7 I8 t9 20 21 22 23

1A 25 -ao 27 28 29 30

Note: - Please do the needful.

1) IndicateAJnderline the Mid-Term Exams dates as per Academic Calendar (AC).
2) Encircle the holidays as per AC.
3) Calculate the number of days available for actual conduction of classes as per time

table provided by HOD.
4) If you are pursuing higher studies please plan for replacement of classes.
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Sun Mon Tue Wed Thu Fri Sat
I Z ) 4 5 6

7 .il G) 6oJ 1i t2 @
1:t l5 i 16, ft) 18 l9 (ro)
21 I 6) 1n 25 6 (zt:
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5D
-).,
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)e<
(21) 22 23

& ,f6\ 6\ 6il

SatSun Mon Tue Wed Thu l-ri

T.)I 0:
9 !o-,t.

l\:' o 6) n 8

l3 l4 l5 l6 t7-ll Fr
mi8 tr) @: 0\ 22 /- -)

i0 U25 a 6) @ 29

Sun Mon Tue Wed Thu Fri Sat
Sun Mon Tue Wed Thu Fri Sat

-1 2 J 4 50) 71 (2) t
T) 5 6

10 lt t26 7 8 9
8 (q) 0 ,4-t) t2 13

l3 14 l5 16 t7 l8 l968)15 rt 6) it' 19 20

23 Z+ 25 2620 21 2222 LJ,
X CA 26 27 28

30 3r27 I ('t 2929 If

ffimKIqatuf,A
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Calendar for Even Semester (2017-2018)

Februa March

M June

r't
Hil'lo'r'

A ril
Sun Mon Tue Wed Thu Fri Sat

1 2

-) 4 5 6 7 8 9

l0 1l 12 13 14 l5 16

17 r8 19 20 21 22 23

24 25 26 27 28 29 30

L
l.'i

Note: - Please do the needful.

1) Indicate/Underline the Mid-Term Exams dates as per Academic Calendar (AC).
2) Encircle the holidays as per AC.
3) Calculate the number of days available for actual'conduction of classes as pertime

table provided by HOD.
4) If you are pursuing higfrer studies please plan for replacement of classes.
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BLOWN UP SYLLABUS

Campus: PCE Course: B.tech.

Name of Faculty: Dr. Shilpi Jain

L:'No'

1.1

Class/Section: II Yr

Name of Subject: SPT

Date:03/0112018

Code:4CS03

a

1.2

1.3

1.4

BLOWN UP TOPICS ( Up to 10 TIMES
SYLLABUS)Topic as per Syllabus

1.1.1 Introduction to Probability

1. 1.2 Deterministic Experiments

1. 1.3 Random Experiments

1.1.4 Trial
1.1.5 Definition o f Sample space

1.2. l.exhaustive events

1.2.2 Mutually exhaustive events

1.2.3 Union intersection & complement of events

1.2.4laws of events

1.2.5 Probability

I .2.6 Conditional Probability

1.3.1 Theorem o f Total Probability

1.3.2 Statement & proof of Baye's Theorem

1.4.1 Introduction

1.4.2 Definition
1 .4.2 probability Mass Function

1.4.3 Discrete & Continuous random variables

1.4.4 Probability generating Function

1.4.5 Bivariate Random Variables

1.5.1 Moments

1.5.2 Mathematical Expectation

1.5.3 Computation of Mean time to FailLrre

UNIT 1:

DISCRETE RANDOM VARIABLES
Sample space

Events &Algebra of Events

Mathematical Expectation

Baye's Theorem

Random Variables

1.5



t 2.1

2.2

z. -)

t.6

1.7

2.4

L

1.6.1 introdLrction

1.6.2 Definition o lrandom process

1.6.3 classification of random process

1.6.4 Markov process

1.6.6 Mean

1.6.7 Variance

1.7.1 concept

1.7.2 Poisson counting process

1.7.3 Homogenous Poisson process

1.7 .4Inter arrival time of Poisson process

2.1.1 Introduction

2.1.2 Def inition

2.1.3 p.m.l'

2. 1.4 mean

2- 1.5 Variance

2.1.6 Moment Generating function

I Z.Z.t Introduction

I z.z.zDefinition
2.2.3 p.m.f
2.2.4 mean

2.2.5 Yariance

2.2.6 Moment Generating function

2.3.1 lntroduction

2.3.2 Definition
2.3.3 p.d.f
2.3.4 mean

2.3.5 Variance

2.3.6. Moment Generating function

2.4.1 Introduction

2.4.2Definition
2.4.3 p.d.f

2.4.4 mean

2.4..5 Variance

2.4.6. Moment Generating function

2 .5.1 Introduction

2.5.2 Definition

Bernoulli Process

Poisson process

UNIT 2:

DISCRETE & CONTINUOUS
DISTRIBUTIONS
Binomial Distribution

Poisson Distribution

Normal Distribution

Rectangular D i stribution

Exponential di stribution2.5



3.1

).2

Lr.o

i1
L

4.1

4.2

2.5.3 p.d.f
2.5.4 n-rean

2.5..5 Variance

2.5.6. Moment Generating function

3.1.1 Introduction

3.1.2 Definition
3.1.3 Regression Equation & Some Theorems

3.2.1 Concept of Method

3.2.2Fittinga Straight line & Parabola

3.3.1 Concept & Derivation

3.4.1 Concept & Derivation

4.1.1 lntroduction

4.1.2 Queueing system

4.I.3 FIFO & LIFO
4.1.4 Probability distribution of arrival

4.1.5 Probability distribution of Waiting time

4.1.6 Bifth Death Process (concept)

4.1.7 Differential-difference equation for Birth Death

process

4.1.8 Steady state solution of Birth Death process

4.1.9 Pure Birth Process

4.1.10 Pure Death Process

4.1.1 1 Solution of Differential-difference

equations

4.2.7 Concept & Basic Definition
4.2.2Model I ( M/XzVI:SIFIFO)

4.2.3 Service time Distribution
4.2.4pdf for waitingtime in the system

4.2.5 pdf for waiting time in the queue

4.2.6 Average number of Customers in the System

4.2.7 Average waiting time of a customer in the

system

4.2.9 Little Formula

4.3.1 Concept & Basic Definition
4.3.2 pdf for r,vaiting tirne in the s1'stem

lyylt
I QUEUEING THEORY

i 
err. Birth, Pure Death & Birth- Death

I Process

UNIT 3:

CORRELATION & REGRESSION
Linear regression

Method of least square

Normal regression analysis

Normal Correlation analysis

Mathematical Quer"reing

Models(Model-l)

QlreLrein-u Model II
(M/M/l:N/FIFO)

l
rlI

i

i

4.3



4.4

4.5

5.1

ri)

4.3.3 pdf for rvaiting tirne in the system

4.3.4 pdf for r,vaiting tirne in the queLte

4.3.5 Average number of Customers in the Sl,stem

4.3.6 Average rvaiting time of a customer in the

system

4.4.1 Concept

4.4.2 Average number of Customers in the queue

4.4.3 Average number of Customers in the System

4.4.4 Average waiting time of a customer in the system

4.5.1 State -Transition diagram

4.5.2 Steady state Probability

4.5.3 Average number of Customers in the quelle

4.5.-l Average number of Customers in the Systern

14.5.4 Average rvaiting time of a customer in the

SVStem

5.1 . I Introduction

5.1.2 Definition
5.1.3 Markov Chain

5. 1.4 Transition probability

5.1 .5 Order of Markov Chain

5.1.6 Expected number o f customer in the s-ystem

5. 1.7 Average tirne taken in the system

5.1.8 Average number of Customers in the queue

5.1.9 Average time taken in the queue

5.2.1 Steady State Probabilities

5.2.2 Questions

UNIT 5:
DISCRETE PARAMETER
MARKOV CHAIN
MIG/I Queueing Model

Discrete Parameter Birth- Death Process

Queueing Model III
(M/NzVS: m /FIFO)

Queueing ModelIV
(M/M/S: K iFIFO)

l!
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SYLLABUS DEPLOYMENT

)ampus: PCE Course: B.Tech.

,li!.e of Facullv: Dr. Shilpi Jain

Class/Section: II Yr

Name of Subject: SPT

Date: 03/01/2018

Code:4CS03A (B)

0

No.

L1

Zero Lecture
UNIT 1:

DISCRETE RANDOM
VARIABLES
Introduction of Lecture
1. l. llntroduction to probability

1 . 1.2 Deterministic experiments

1.1.3 Random Experiments

i.1.4 Trial
1.1 .5Defrnition of sarnple space

1.1.6 exhaustive events

1.1.7 Mutually exhaustive events

Conclusion of Lecture

Introduction of Lecture
1.2.1 Union intersection & complement of events

1.2.2 lawsofevents
1.2.3 Probability

1.2.4 Conditional Probability

Ref. /
Text
Book
with
Page

No.

Actual
Del.

Date

Reason

For
Deviation

Lect"

No.

PIann
ed

T)ate
Topic As Per Blorvnup Syllabus

TYhra"'

L1

LO

L2 lo ll

cl t I

b I

gl r

E) r

1.2

Dl,



1.3

1.4

Conclusiott of Lecture

Introduction of Lecture
1.3.1 Theorem of Total probability

1.3.2 Statement & proofof Baye's Theorem

Conclusion of Lecture

Introduction of Lectu re

1.4.1 Introduction

1.4.2 Definition
1.4.3 probability Mass Function

1.4.4 Discrete & continuous random variables

Conclusion of Lecture

Introduction of Lecture
1.5. 1 Probability generating Function

I 5.2 Bivariate Random variables

Conclusion of Lecture

Introduction of Lecture
1.6.1 Moments

I .6.2 Mathematical Expectation

1.6.3 Computation of Mean time to Failure

Conclusion of Lecture

Introduction of Lectu re

1.7.1 Introduction

1.7 .2 Definition of random process

1.7.3 classification ofrandom process

Conclusion of Lecture

Introduction of Lecture
1.8.1 Markov process

1.8.2 Mean

1.8.3 Variance

Conclusion of Lecture

Introduction of Lecture
1.9.1 Concept

1.9.2 Poisson counting process

I
1.5

1.6

1.7

i.8

1.9

O

I3l

{I

6

l.y

14

)t

illl

lt

7rW'

L7

L3

t.4

t-5

L6

L8

L9

i3

vrll

)3

lrir

talr

rrll

z4t



l0

1 .t).-l I lorrrogcnoLrs Poissott process

1.9.J Inter arrival titne olPoissott process

Conclusion of Lecture

Introduction of Lecture
I .10. I Probability Related Question

Conclusion of Lecture
** Class Test/Special lecture/OaT/Quiz

UNIT 2:

DISCRETE & CONTINUOUS DISTRIBUTION
Introd uction of Lectu re

Binomial Distribution
2.1 . I Introduction

2.1.2 Definition
2.1.3 p.m.f
2.1.4 mean

2.1.5 Variance

2.1.6 Moment Generating function

Conclusion of Lecture

Introduction of Lecture
2.2. 1 Poisson Distribution
2,2.2Defnition
2.2.3 p.m.f.

2.2.4mean
Conclusion of Lecture

Introduction of Lecture
Poisson Distribution
2.3.1 Variance

2.3.2 Moment Generating function

Conclusion of Lecture

Introduction of Lecture
Normal Distribution
2.4.1 introduction

2.4.2 Definition
2.4.3 p.d.f
2.4.4 mean

!.2

)-.4

/,-ql 
I

aql t

l,l r

l-6

Lllt

zrlt

..l,ll

zell

L+ )

?Ll t
Ll0

L11

L12

L13

Ll4

i,1

z



2. -i

Conclusion of Lecture

Introduction of Lecture

Normal Distribution
2.5.1 Variance

2.5.2 Moment Generating function

Conclusion of Lecture

Introduction of Lecture
Rectangular Distribution

2.7.1 Moment Cenerating function

2.7 .2 Related Question
Conclusion of Lecture

Introduction of Lecture
Exponential distribution

2 .8.1 Introduction

2.8.2 Definition
2.8.3 p.d.f
2.8.4mean
2.8..5 Variance

2.8.6. Moment Generating function

Conclusion of Lecture

** Class Test/Special lecture/OBT/Quiz

UNIT-3:
CORRELATION & REGRESSION

Introduction of Lecture
Correlation

3.1.1 Introduction

2.6

2."1

2.8

l'{1,

lo

lL.

lr

a 1

L'

Lt

L.U

L i4u

lc

Lg

6 L

2-+ )

L

alz

l. r5

Lt6

L17

Ll8

Ll9

L20

3.1

Introduction of Lectu re

Rectangu lar Distribution

2.6.1 Introduction

2.6.2 Definition
2.6.3 p.d.f
2.6.4 mean

2.6..5 Variance

Conclusion of Lecture

Ex4n
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1. 1 .l Klirl [)e at'sor.t ('oe f'tlc ient

-1. I .-l Ilank Corrclation

Conclusiort of Lecture

Introduction of Lecture

3.2.1 Curve Fitting

3.2.2 Concept olMethocl (I-east Square Method)

i.2.3 Fitting a Straight line

Conclusion of Lecture

Introduction of Lecture

3.3.1 Fitting of a Parabola

3.3.2 Related Question

3.3.3 Fitting of Other Curves

Conclusion of Lecture

Introtluction of Lecture

Regression

3.4.1 Linelr regrcssion

3.4.2 Irrtrodrtction

3.4.3 Defirrition

3.4.4Regression f".qr-ration & Some Theorems

Conclusion of Lecture

Introduction of Lecture

3.5.1 Standard Error of Estimate or Residual

Variance

3.5.2 Coefficient of Determination

3.5.3 Normal Correlation Analysis

Conclusion of Lecture

Introduction of Lecture

3.6.1 Normal Regression AnalYsis

3.6.2 Related Question

Conclusion of Lecture

** Class Test/Special lecture/OBT/Quiz

f.auaiw.

UNIT 4:

i./

1.5

3.6

aulu
L6IL
u+l z-
a-blz

s1s

1-ls )

n
LCI

\*lu

tq lz

zslu

nl,

2i

L1

yn

L

L1

tt@ 'L-

L-l

L2l

L23

L25

L.22

L24

fis

Rr
Ru

QUEUEING THEORY



1.1

+.-

4.->

4.4

4.5

4L

4.7

Introrluctir)n 0f Lecture
J.l.l Introduction

4.1 .2 QueLreirrg s,vstem

4.I.3 FIFO & LIFO
4.1..1 Probability distribution of arrival Conclusion

of Lectu re

Introduction of Lecture
4.2.1 Probability distribution of Waiting time

4.2.2 Birth Death Process (Concept)

4.2.3 Notations

Conclusion of Lecture

Introduction of Lecture
4.3.1 Pure Birth Process

4.3.2 Markavian property of Inter arrival time

Conclusion of Lecture

Introduction of Lecture
4.4.1 Pr-rre Death Process

Conclusion of Lecture

Introduction of Lecture
4.5.1 Birth & Death Process

4.5.1 Kendall's Notation

Conclusion of Lecture

Introduction of Lecture
4.6.1 Queueing Model I (M/M/l:m/FIFO)
4.6.2 Service time Distribution

Conclusion of Lecture

Introduction of Lecture
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i1

iil)

i'he n;*:,trr valir*s oi":i til:ti -_r

i.a*ffici*lrt i:j"cor";'eifiti;-',ii |;1t '*.:t : illjrj 1

Tite ste*dal-iJ ii*l ;;rtur:-i .;i''.

i,i'E;i

: >*',

3" a.)

,1s

l,l se urt:th ori o i'- isa-ci sq Ll*r*s

_v as the depr.neient varia-i",ir

4

': 1 ,.-
: I !!

3 J* -5

rQl
tr),

, ,1 n ltilt Ine Io ! I t-\\r",lil iJ,
r* rl(!'

oi)

Ten cornpetitors
ctrder:

{.judg* : I

II jr,rdge : l
iil.iiulge : il

in a ireaut,v i"rr)il1esi. sr* ranlied b3i ti:r*e jLrrtrges

6 irl I
:L?
vi.1

I$
l-irt:;t ilnd tl:at ,,,,,ltiuli iti,r-, i:rii,;r,;s ii:J.,,:, :,iiiti.it" ,:tirr:l;iti*n.' 

i *t:t"rq
tti li'l*1"a perit-r,-i *1" J li*urs 1r: :i <i;:','1, i A.i',i l* ?..ao.hJi ,-i;:a,lire r', arr'i.,,r.: iii ri

barber's sl':r:p that i-i;ts s;:;.1.: lL;;tcci.];.t1rr*i:i;alc- c$1v 4 ili,istilt-ite-rs" Ar;-i?ai
:"atc cl'cll.\loi11*i5 is I t-:x:r iii,i:ii an,.i 5ri1,i*r iilr:r: itc 3ti r-r:inutes per rrislor:tcr.
J lr*r:" llud:
j] 'f'he prob:tbiiil.r, tlr;rt tliari, i:, ni,r i-i.iii{;r;:e,r i:-t tilr sjr,,ir ajrri

ii) Al,f,j";l*c trumber *ircils.k,ril-jrj':, ;:l ilt* :,ilr:i:: t$i
b] lr: a sircp {her-r.,1r.c i',i.c L.}!;i!r.ri:ri".r aiir li1r"i.\,ing rxrt rir*.ir;i: rl,.i:rk. thcaverfiul

tiln* p*rjrlh *r-. *ach L*onlitlr-iit;i is 1,.,1 :r:itrr;lc5 llL);.irlb anci ilic it!.eragf ai-rir,:il
t'ate is j.iol::i per l:our. Assiii:";* ii-l*"!,,rh ir1-fii-$ l* b*cimtlii:Lir*ii exp*nr:r-itiall:,,"
li'tl:*;n;lxim**: nri;:i[:*r oi'-il;1,","; ia.;r:i:iri*ij i]:l a dav h,s tr" ihcr: f,ind:

i: The erpi:cied nur:'ib*i"iti_i,.bs *;;itir:g 1t:r cr.rr,;iriui*i

ii) T-l"i* toral time i*st !3ui'ri;i:,'iorsislr r:i.? rrOi'kji-]g l-i.riirs {g}
,-)H.

a) Oli a t*lcphctte iiooth" arri.,';:is ill'ei-:si;li'**r-s iilllr.li tir$ poi.ssr:t.t procc-ss,"-r,iih
an average lj:ne *{' I 0 rnirrirl*s ij.ai1i,f *ii i,.llo :ii-trir,,ltri ;ri:d n*::t tlrlirraj. -Ihe 

ie n5ir}r
ot'it lrXlone call is iissurlecl l* b': ili:tt;'ihut*ri*:,;pi-:nel:tiail-i, ii,iti",i"lteali -i rlrir:irri-,:.-l'h*n find: {S}

i) r{verage nilntber r_tf cristo:-n\:t.s pt-r:scnt in l}r* .q},ste,l1

iil The pr"ob;ibility"that a {:usionirl"spelii.a tilor'J il;ar: lU ininutes in the
ho*tlt.

n
^{

t

+F. "$i{;: il: IC*ntc]".".

7



h)

iii) The fi'action oia dav tiiai tl.ir: 1ri'i'lii': :' '1i .' r '' '-'
A sullert1larkel has trvO giils :cl'r'itrg iii tl-r; !:{ j':::" .- :-

ir, n Poisson tashion ai 1ir* rai* itl'i2 L's;'i''t::'i1-' ii'r' i'

Cll$l(iillfr is e:'ptrtteltii:il ri iijt lnu;ri1 () illii:'r' "' ''

i)Theprobahilirythlrlitarririrtgilll:jt)|1it.1.i}1,.i...'',,,,.-.
il) The average number oi'custo1llers in the s,vstcrr

iii) The average time spellt fuy a custgnl*t' iit ihe sutp*rtlrikci :

{lmit - V

a) A houservitb bu;rs three kinrls ot't'ood A,F] anc c" strc rlavfr bu1" iire st'ir''

f,crod on Sugcessive lveeks. if'slie br-11''s iooci A, then ttrre next *'eek shf b''li:

food B. Horvever if she huvs B t:r (" Tlieii tii'l lllrl r1'3'-'k rli'' ts llit't':liiirsi't:

likely to buy A as t* the otlrer'brar"lil, Irintl rhr: trallsiliiln pr"ei'iiai:iiil1,' nl:lt;'i:"
isi

t)) A' autcrnata car station hes *r:e itay r,, ilrr"e se;"iice i: clfiilc-'Th* arri"'*i rli:l:tllll

is poissop 1r,ith 4 cars oer hcur and r:r;ry *,itit in lh* p*rl'i;:g l*t in Lhr: stt'i:*i ii' f
the bay is b,sy then find the f.irire spr-'nt il'l',ire st;iticn bv a c;ir il'S*i'r'ir* ttt';''

distribLrtiou is nortreal u'ith n-lean 1f rllinr'rt*i a't:d nr = 'l mittiiles' Als*^ j'ltlrl lir':

averago nuraber of cars in rire sta.tirrn. it'se Lt'ic': * titl':* ilisir:L;l:tii>ti ir iti:iii;r'i-r'

between 8 and 20 minut*s {[ii

{1{a

a) 1Vriti: a short note 0n'discrcie paranrelti"ilirth - clr:rtl: i'1)'{)tilsr;

b) In al:eavy machine shopthe ovriireaii ct"iilt,i ts Llliit;r*ii '59r, l'iii.r* si'"ii-11'

oi-rservations gave the averag* slir-rgirrg tiile lrs 1ii.-r r:ii;liiir.',..'' ill: ii stnnd:l'' 
'

dcviation of 8.8 ninutes. W|ra1. is the auciagt ca.iiji'c 1illt,,'' ii-rl"i-hr :,*f\ii'':rl:' ili'

tiiecraneandr,viratiSth*Averilgeciei*f ilirl*tiiriilsi:i"ir-t-'.]ii'iiir'il\:'liriri::

servicetime is cr-it lo I minutes t'ith stancialii iJc',,i*tit;i ct-ii iliitlittes" l:Urr

much reduction will occur otl al./erage in lht i-"1a.,,' iligelling serr'eil'.) (S,

5

t
L-
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4Tctal No of Pages:
Roll hlo-

484162
B" Tech. IY Sern-

,.I

Artempt an,v ./ive qttesti*ns' selectittg orce question 'from esck urtit' Al{

Qitc,rtioils (,11t./\: equa! fizarks. schetncttic tliagrarns ttnist be '\hou'rt

n.lter.ev€.r tlecessatT. Ary; clctttt yott Jbel missittg stritabll' he as'surnecl cmc{

staletl clectrlY.

Ltnits of-clufintities usecl/ cctlctiatecl wtttst he stated rlearly' '

{-isc o{'/bllowtrtg suppot'{ittg ttt{tlt't'itil i,s' pet'tt'tilte tl during examinatian'

( h'{en t i o necl i n .forrn N o' 2 0 5 )

Q.1 ta) Each coeffloient in the equatio,, ao' + bx * c' : [] is determined by throwing an

ordlnarl,, die. Fincl the probability that the eqr-ration r'vill have real roots' I8]

t
(b) In a bolt firctory,

14E4X62i

/
rI'\m

@s
txl!t

Tirne; 3 Hours

[n str uctiofis to C antlidates : -

Page 1 of4 u278ol



lir: "-rri'ctl lhe joiLrt probability drrilili l8l

s,vstem and h(t) he the hazaril rate

fix, y) : i21,., 2r').(r- r.iI.rl -'. !

i3
1.0 : Othe rrv ise

{ rii $_.c{ ofa
_ _lt1 te l8j

-Eg

r,,r r.: : ,ri tilmilies wittt 4 {l}rilrlren ear:h" Horv ltlAn}, families r,,oulc1 be expecteci

t. ':".:.,r, [8]

,ii ,,!ri;tnd2girls
,iirst i hov

,::"r :,i tlfrst and girls. Assume equa-l prcbabrliti*s fi:r'[6,-yu and gfu.ls

',;: ,. i',.risscfl r{istril}utiotr- tc th* lbll,rning dirtri rvhicli gives the nuttltrer o1'

.:,,.. l,,r':'i in a santplc of rlcver seeds t8l

.,i \

Fini-l the nlean and Varianee ol'Iroisscln llisfribr.rtion. tB]

ln a normal distribution. 3l% of the iterrns are uneler 45 anri 8ol. are over 6;1. lrind

th,: paranreters ol'distribution" (fiiv*n'J; {8.50): rJ.1? ancl$ {1.41.t :0.42) t8]

Fage2of4 U2780I

\

L

;?

,irr

6 8] J -i 5

-)1 2_1
.l
J 0 1

'.1',,i

!

[x. l.
. ,, idilional density ot'X given Y : y ancl trse it to evaluat. 

" ]i=
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(-IN{T'-XHX

)7
22

l0
27

^] "1

)t)

1L)

-ll
..1 1, I

''I i)
X:25
\f lflt . 1/

,). I

t'l

{i4
,_7 ,1,'-l

T {h} Lirres 2.{+3v ''' l0 anel4x+5y: 18 are lines of'rergre ssion !:r:tr,,een 1r,,o'n'r;"i;rl-,li:s :i

and .v. Decide',a,hich one i:i the line *t tegressirlr: ill'r. ori y. {-liv*l: :,. =,." iirtr.l 
-:,

and also llnd nrean valiles o{'Variables. l$i

E-1 13:XY

Write sl"rort note on Prire Eirttr rie;lth pr{}{less. l)i i

Arrivals at a telephorre hooth are consiclererl to be I'lil:irn" rr.'ith lll il1,'rjl-illl!: lrrt:,,..

r:f l{) rninlttcrs betrveen olre ierrival ancl the next. Thr: lcrrgtlr *l'ir 1rh,.,1r,.: r-lrll i,r

assunred to be distributed exprinentially" rvith nlean 3 nlinurcs. Find. llri

li) What is the pr*bahilit_v tltat a p{;:rson a.lrivins at th* h*otir"*ill ira,.* t(.1 ..,.,'rli'r'

(ii) What is the average length *f quer:e that lbnn ll'ofii tirxr tr: tirrre?

(iii) 'I'he telephone compan;,'u,ill install a sccrlnd bclolh *irr:* crnvirrr-:;,ll ll:*t *n
amiyal i,vouid have tt> rvait at ieast -l ilrinute:-c fi:r tl6 g:lrotr*. Ll1, hrirr.. rnur:ll
must the flr'rrv of arrivals Lre insreaseil in ord*r to jultil-v l'or il s,iroiii! b,:*11:'i

Q,4 (a)

{b)

\

Q.4 {a) If lirr aperiod of 2 hoLrrs in a rlay (8-10 A&4), trains a::rivi:;rt tir,:3.*g1 {t.*ynL:itv
of which is 4 trains) in every 20 rninutes, hut fhe service tjlri: rrrl:lrrrs .i(r
minutes. Then calculate frrr this p*rioi'l: l.'l
(i) T'he probabilitl, ttrat the yard is enrpty.

(ii) The average qlreue length.

14r,4rc4 Page 3 of 4 {i..i?{}$'

68

62

6.+
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{r4
()1
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B{)

{:0
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(b) ,Show that the angle betwesn the lin*s r.:iregressia:lr is givreu h.-r:
,r' r\

{1-" I o*o,
Tarr 0:tl- _- l-- ?.

t r ){rr^-{-6}-)

tsl

o,R

Q.3 (a) Obtain the rank cr-:::rrlation Coefficiett {or thr: fcllorvinq rl:}tra:



!

r l1\

{} i (a)

1.\ lirip.ernralrket hfib l1v{t gil'l5 s',i't\iiIls.at lli* coi'l. ti}rs' J'he {---rlst.*t11ers airllie 11}

iroissl,,r-r krshio' at th. raie c!'' 11p*t:hr,,,-rr'."Iht s';t'viee tin:* f-ar *rch cttsicurer

*rgro,"r"ntio1 lr-ith m$an 6 nritiutes' Find: ;. ,--- i.,.-

ti) T'he protrabilitl'that atr a'riving custoiler has to 113i1 lirr set'r icc'

(ii) The avelage numbel of customers in the slstetn

itQ '[lie average time spent by a cL]stomer in the snpermarkct'

UNIT-V

Write short notes on the f"ollowing:

(i) 'Discrete pa'ratleter Mnrkov cltain'

tii) 
-[ransition probability h4atrix

f,t*rrcsponclitlg t0 a ht*rko,- chatn. the 1*itial provabilitV ntiltrix p{o) '--'

a

is

8l

( ir)

l8l

-1tl *1 i
IIt-,
\.-+ I

u'here A arid B

I8l

\_

ai.rrl trarlsition prtlbabilit,v nratrix (Qrrir) is 
' 

=. 
,j,

rlenot* tlte t*'o slates ol the process' Find:

(i,} 'Lhe probahiiity of reaching state A atier trvo steps I]1(2)

iii't 'l he probrability of sti'rte B ut-[e r trvo ste]rs'

iiii I ]til niatrix rl'he n 1l - + rY"

*e

AB
l/

/1 , l'i,; l/
,:. ,t;

Q':j ta} I}eserihe briefi.v th* {L,4lGi 1i : {;.,if}D) qurr-ring s--vstetrr airal1',sirr;: tlrc stearl-v State

st'1tl!it'lI'

{t]}Inai:eavynrachinesirrrp.the:u*Ih*o:.:,lun"is759,,tuiilizcti'Tit"l"t*str-rt1-v
rrlrset:,iiticrnSga\letheaverageslirrglrrgtinreasl0,5rrtinuleswitlritstanclard
rle,iali*tt' ot 8'8 tnittules' Whal is th* *'*''oU* !u'.lt:i 

t':"* tor the service' *f thc

ci:iule arrd rvitat is the avcrage riela-v in gettttig sc'I1'letr^

rf thc sveriige se.rvice ti*re is cirt to g L,i,utes" rviti-r stanri.rri cie-;iatic')n o1'6'i)

nlinutes. lrr:w mrtclr r*du*tion rvill occrtr *n nn i]Verage in the delay of gettirre

t81

\

\'_---- ------- --__- - - - - -- -- - - - 1t

[41i,1 1{:?l
P.rse 4 rti 4 It??80"1

sct''r,ertr?



R.oltr No.

B. Tech.

Instructions to Canditl*tes :-

4y,4162

Tot*l ;\o. of fages ,I

y 2017

Marks : 8i

Marks ?,

t
Arrcmpt any Jive qwestions, selectirtg one question frotn eaclt unit. Al! Otres{ion
cLrrry equcl mark.c. Schemalic diagrams must he shown trheret,er neces.sary. An_

dato votr feel *tissing suitahly be assumed and stated cleat.ly.
{lnits of E.tantities used calculated must be stated clearly.
{ise. af ^following xryporting mqterictls is permitted du'ing examinqtio|t.
{fu{enrioned in .form No. 205)

(a) Tlre probability that a teacher *'ill give an unanflouncecl test during ar]
ciass meeting is 1/5. If a student is absent twice. whar is the probabiliq
that he will rniss at least one test ?

t

(b) The first four moments of a distribution about the value 5 of the variate

OR

I

UNIT . I

E

4&4162 | I nr.o,

7

nl
\Aw

"4s
r-l
-t 4CS3A Statistics $ Theory

Normal Tahle ) NII

I

\

1

iil



r

X ia) Trv* r*nti**-r va.r'iahles X arrd Y have fhr f<riiowing j*int probabiiitl, de*sil
iLu:*ti*r:

iir,r')

{i) Marginal probability density functions of x and y

{iii Conditionai eiensity functions

{iii} \kr (X) an<l Var (Y)

{h} l:" the life ti*re of a eomponent has probability density function ),e_xt , r > a

L.oinpute its tin're fo faiiure and variance

Atrs$ ilefiree the mean tirne to failure in tenns of the reliabiliti,. function

UNIT . II

i {a.l l}eteraniile the firean and variance of, binomial diskibution. Also de{lne
mroment generatixg function of binomial distribution.

.

f

b

I

2
,{fl41$? | I P.r.CI"

I
I

2-.r -.r,. 0 S x S 1,0 S1. S I

u , otrletwlse

I-tr H10



iit) A clrir,*r has trvo ta.xies, ivhich he llires CIuf rJa3r L:_-v da3.,. The nurnl.r*r *f
ciemands ibr a lari on ea.eh day is rJistrin_ruter,l a:i;l p*isg*rl vat.i*te u.ltir

{t}} Define exPonentia} dish'ibution . shou,that for the expr:nential distributi**

gi,en by dst=rro f,.0<x< ,n" c>* a being a ccnstant. thc mean an*
the standard der.iaricn are ea*h *qi_tal fo C.

I er"*.

7

{ii} 'some rlemand is refused (Given e*1.5 = 0.2231}.

{a} '{s a resurt of tests r:n 20,000 eiectric burbs manufachrred by a cCImpany
il u'as f,ound fhat the ?ife time of the bulb was nonnaily distdbuted with
afl average life of 2t140 hours and sfandard deviation of 60 hoers. on the
basis of the infonnation estimate the number of the bulbs that is *x;recfeii
to trura for {iJ rnore rhan ll50 hours (ii} less t}ran 1960 hoe,s.

I
SR

"l

f

{}{t
\t
Q

1
484r62 l



I

UNIT . ITl

J (a) Calculate the coefflicient of correlation betlr'een x and.)'using the following

I

{bi Calculate rank oorrelatiol coeffrcient fo1 the following data :

3 (a) write a shofi ncte on liilear regression and obtain the reEession line of

VONX.
4*4=8

(irlF'itaseconcldegreeparatrolatothefollowingdata:

I

... \

x'. 0 1 2 3 4

I

48416? j 4 I P.T.O.

data

r: 1 2 3 4

y:g I 10 12

55789
11 13 14 16 15

r. 81 78 -13 73 69 68 62 58

v". 10 12 18 18 i8 22 20 14

OR



LTNIT - IV

telephone booth, anivals of customers follow the poisson procer

average time of 10 next itlflva

l0 minute

(iii) Find the {}action af a day when the phone will be used.

Assume that the tr-ueks r,vith goods are coneing in a market yard at th
rate of 30 tnr*l*s per dayr and suppose that the inter-arrival times follov
afl exponentlal diskilrution. The tirne to unload the tmcks is assumed tr

be exponential wlth an average of 42 rninutes. If the ma.i'ket yar.d can admi
10 tnicks at a time, ealculate P {the yard is empty) and find the averagt

length of queue.

Patients arrive at a elinic acconding to Foisson clistribution at a rate ol
30 patients per h*ur. The waiting room camot accommodate more than
14 patients. F.xamination tirne per patient is exponentiai rry-ith mean rate

of 20 per horr.

(i) Finrl the effective airival rate at the clinic.
(ii) what is the probabiliry that an anival patient will not wait ?

(iii) \\,"hat is the expecred waiting time until a patient is discharged from
the clinic ?

f

I
5 I P.T.O.
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lbi A s4per enarket has tr,v* gir"ls selving at the coucters. Th* cust*t:rers fir?lve

in a poiss*ll fas}ii*x lit thff rate of 12 prr hour. Ttre servcce tiruc tbr *nefu

customer ls exponential wrth meafl 6 rninutes, Find :

(i) the probability that an aniving customer has to r.vait for sen"ice.

iii) the average number of customers in the system.

(iii) the average tirne spent by a customer in the super rnarket'

I

{]}i{T - v

S {{r} Write a sh*rt n*te on rJiscrete palanreter h'larhiov claailt.

(i:) Tr,vo b;anr1s A and ts *f a proeluet have prohabilities 30o.o and Til*o

\

*-.f

I'espectivetry at time t : 0, if their transitioi.i 1;ralrix P be firril

tireir probairilities

ii) *?t*r titne t : 1"

{ii} atter tirne t : 2

{iii) their steady sta{e prohabilities.

07
0l

03

08

i-

L

.:

l

I

I

4e4i6? ] { F.T.O.

$B
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{a} Automata ear wash facitity operates with only one tra.l," cars anjve
according to Poisson clistr.ibution, rvith a mean cf 4 ezu-s per h*ur anc{

may wait in the facilities parking lot if the busy. Find the time
a car

{b} Write a shorr note on MIG/I queuing model..s.
L*

484162 I
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b* He* o,+) BLo u dp = J

I B; {t B,t = I Ce'* '*.t'
,(u ru, = ,(k)PtB) - r(e*)P$)

') = o(4r)r(') _ ,/*)P(B)'(g
3'&yta,

$w1h d
+etd! k*rLJP (A)

,&&{n zLi; fio,a !,,, = -q 1 k| =r, , /ttt = -ttl }4' = {60
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Example 1.2. (music festival)
The four possible states of a student in a music festival are S - { "dancing", "at a concert",
,.at the ba.r", "back home"). Let us assume that the student changes state during the festival

according to the following transition matrix:

P-

AS

does not depend on rr.

Here is the transition graph of the chain

1,t )

0

112
\14 1

0

1

112
rl4

0

,?-)

0

0

l4
0

I

i

I

L\

L.

This Markov chain can be represented by the following transition graph

r lr

Example 1".3. (simple symmetric random walk)

Let (i*,n 2 1) Uel.i.O. random variables such that e(X" : +1) : tr(X, - -1) : ], and let

(Sn,n> 0) be defined as So : 0, Sn : Xt+ ... + Xn,'It ) 1. Then (Sn, n € N) aMarkov

chain with state space S : Z.Indeed:

tr(S,*, : jls*: i, S,*r : in-r,..., So : zo)

: IF(X,+r : j - ilsn: i,Sn-t: in-r, "',S0 : i'o): tr(X"*' : j - i')

by the assumption that the variables Xn areindependent. The chain is moreover time-homogeneous,

lP(X,-r-j-r, :{j iflj - il: r

otherwise

ul1ll 1/) 1{)LI L LI 
'
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The distribution at time n of the Markov chain X is given by:

n:"):P(X':i;' ies

We know that rj") ) 0 for all i e S and that !,., nl") -- t'

The inittal ilistribution of the chain is given by

i), ies

It must be specifled together with the transition matrix P : (pri),i, i e S in order to character-

ize the chain completely. Indeed, by repeatedly using the Markov property, we obtain:

P(X, -- in, Xn'1 -- in-t, ..., X, : ir, Xo : ?o)

: P(X, : tnlXn-r: in-r, "',X, : it,Xo: io)' F(X'-' :'i, ' r' "''Xr:'ir'Xo:'io)
: Pi,,-t,inP(X,-, : i''-7'""' XL :'t1 

' 
Xo: iu)

:' " : P'irr-t,i, P'Ln-2''irr-1''' Pir,i, A'"''' rl!')

so knowing p and knowing z(0) allows to compute all the above probabilities, which give a

compete description of the process'

The n-step transitiort probabiliti.es of the chain are given by

p(,:) : P(X-+, -- ilx,,: i), n,m) o' i'i e S

Let us compute:

(2) mp',; :.r(X,-z- ilx, - i ) : IP(X,, z- i.X,, : A'lX,:;1
, r.t 

kc'

: t F(X,+z : jlX.+r : k, x^: z) ' F(X, +t : klXn : t')

A€S

: ttr(X,*, : ilX,+t - k)'F(X,+r : klX* - i):Y,pn*pxi (l)
k€s k€s

where the Markov property property was used in (1). In a similar manner, we obtain the

Chapman-Kolmogorov equation for generic values of m and n:

p::-*': 
E 

n',i'n(fi'. i "7 € s" n'm ) o

where we define by convention pif ' : U,, : {1, :T#r.\-
Notice that in terms of the transition matrix P, this equation simply reads:

/ Dz+mw p" p*)ri: !if") ,x (p^)ui(r lrj:\ 
r-€5

where, again by convention, P0 :1, the identity matrix'

nlo) : P(xo :

(__

a
J

\_
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Notice also that

(n) ^'un: i):In(r, : ilx*-t: i)P(,Y,-r: i) : t Piirl"-r)/rj : t"(A 
,cs 

: Jll\ n-l - '/ tr \/! 
ie,

In matrix form (considering ,('') as a row vector), this equation reads n@) - n@-r) P' from

which we deduce that z(") - n(n-2) P2 : ... - r(0)P",i'e'

\- '('lt ntot
,L'-IJ t

i€,9

1.2 Classification of states

We list here a set of basic deflnitions.

*Astate jisaccesstbleftomstatez ffpff) > 0forsomen' 2 0'

x State i, and j communicare if both j is accessible from i. and i, is accessible from j. Notation:

i.<--+ j.
"To communicate" is an equivalence relation:

reflexivity: z always communicates with z (by definition)'

symmetry: if z communicates with 7, then j communicates with 'i (also by definition)'

transitivity: if ,i communicates with j and 7 communicates with k, then i communicates with k

(proof in the exercises)

* Two states that communicate are said to belong to the same equivalence class, and the state

space S is divided into a certain number of such classes'

In Example 1.2, the state space ,S is divided into two classes: {"dancing", "at a concert", "at the

b*") and {..back home"}. In Example 1.3, there is only one class S : Z.

x The Markov chain is said tobe trreducible ifthere is only one equivalence class (i.e. all states

communicate with each other)'

x A state i, is absorbing if pii : l.

* A srate ,i is periodic with periodd if d is the smallest integer such that pl:) :0 for all n which

a, are not multiples of d. In case d : 1, the state is said to be aperiodic'

x It can be shown that if a state z is periodic with period d, then all states in the same class are

periodic with the same perio d d., rn which case the whole class is periodic with period d'

Example 1.4. The Markov chain whose transition graph is given by

is an irreducible Markov chain, periodic with period 2'

L

4



1.2.1 Recurrent and transient states

Let us recall here that pl:) : p(X" : i,lXo: z) is the probability, starting from state'i, to come

back to state 'd after n steps' Let us also define f t' : P(Xever returns to i'lX' : 6) '

Deflnition 1.5. A state z is said tobe recurrent if fi : ! or transient if f4 < L.

It can be shown that all states in a given class are either recurrent or transient. In Example 1.2,

the class {"dancing" , "at aconcert", "at the b*"} is transient (as there is a positive probability to

leave the class and never come back) and the class {"back home"} is obviously recurrent. The

random walk example 1.3 is more involved and requires the use of the following proposition.

Proposition 1.6.
x State'i is recurrent if and only if D,,>, pl:) : *.
* State d is transient if and only if D,,x p::) < *.

Notice that the two lines of the above proposition are redundant, as a state is transient if and

only if it is not recurrent.

Proof. LetT,be the first time the chain X returns to state z' Therefore, f t : P(f, < oolXo : i;'
Let also I/, be the the number of times the chain X returns to state e and let us compute

P(l/, < oolXn - i): F(in > 7: Xn:i,k Xn,li,Ym> nlXn:11

: \- IP(X.. : i, k xn, I i. Ym > nlX, : i1- /._,
n)1

: \- Pr X-. I i, Ym > nlx, : i, Xa: z) F(X" : ilXo : i)
- 

"rtrru 

\rrnr /

As X is a time-homogeneous Markov chain, we have

P(X- f i,Ym> nlx.: i,Xo - i) :P(X,. f i,Ym> nlx,- i) : P(X- f i,Ym> 0lXn : i;

Therefore,

P(lr, < -lXo - r) : P(X- f i, Ym> 0lXo : i) IP(X, : ilXo : i')
n.? I

: p(z, : oolXo : i) t p:?) : (1 - /,) f ,ll) (2)

n,)1 'n)7

This implies that

o If zisrecurrent,then 1 - fi:0,soby(2),P(l/, < oolxg - i):0'whateverthevalue
of D,rr pl;). rr,ir in turn implies

P(1/,:NlXn:i) :1,

5

SO E(l/,lxo :'i) : oo



As 1{, : Drr>r L1x-:t}, we also have

m:E(N,lXo: i) :tB,(11x':.)lXo:') : tP(x' :dlXo-- i)--f rll'
n)l n)l n)\

which proves the claim in this case'

o If on the contrary i is transient, then 1- fu > 0 and as lP('n[ : oolXo : i) 31 ' we

obtain, using (2)

lvl?(1 -fi) <1
rz) 1

n)l

1

/ ,t-tL - 1 +.L - .J I
n2o

n
which comPletes the Proof

L

\- From this exPresston' we see that if P :1l2,then

Ir$':fr['J): t
TLl L

1

-
Jnn

Notice that as a by_product, we showed in this proof that if a state of a Markov chain is recurrent'

then it is visited infinitery often by tt 
" "t 

uir, *ith probability 1 (therefore the name 
o'recurrent")'

Application. (simple random walk' symmetric or asymmetric)

Let us consider the simple random *"il. id;; ;. xl, *i r, the iollowing transition probabilities:

So:0, P(S,+r : Sn*L):p- 1-P(S'+r: S' - 1) where0 < p < 1

Startingfrom0,theprobabilitytoreach0after2n'stepsisgivenby

'': \ Pn (\ - P)*' where ( ? ) 
: ffiptrP :r(sr, : olso : o) : f , )'

Noticetttutp['f,*'):0foralln'andp'asanevennumberofstepsisrequiredtocomebackto
0.UsingStirling'sapproximationformulanl=n""-n'fiii'weobtain

p['J) = rfri
(ap (1 - p))'l

OO

so by Proposition 1.6, state 0 is recurrent, and as the chain is irreducible' the whole chain is

recurrent. If on the conffary p + ll2'then 4p(1 - p) < 1' so

!n[t):t pL'{):DWW'*
7r_t n?t n27

so state 0, and therefore the whole chain, is transient (in this case, the chain "escapes" to either

*oo or -oo, depending on the value of p)'

6

i.e.



Among recurrent states, we further make the following distinction (the justification for this

distinction will come later).

Definition 1.7. Leti,be arecurrent state and 4 be the first return time to state i.
* i is positive recurrent it E (Tilxo : i) < oo
* i,isnullrecurrentif E(filxo: i) : oo

That is, if state d is null recurrent, then the chain comes back inflnitely often to i, because the

state is recurrent, but the time between two consecutive visits to'i is on average infinite!

Notice rhat even if f i : P(4 < rclXo - i) : 1, this does not imply that E(fr1x6 : 'i) < m,

AS

E(4lxo - t) D"P(Ti: nlXo:11
n)7

can be arbitrarily large.

Remarks.
* In a given class, all states are either positive recurrent, null recurrent or transient.
* In a flnite state Markov chain, all recurrent states are actually positive recurrent.
x The simple symmetric random walk turns out to be null recurrent.

1.3 Stationary and limiting distributions

Let us first remember that a time-homogeneous Markov chain at time n is characterized by its

distribution n@) - (n[*) , ? € S), where n:") : p(X" : e), and that

n@+t) _ n@) p, i.e. n(n+t): I n[") poi, Vj e S
i€s

Definition 1.8. A distribution r* : (rI ,, € ^9) is said to be a stationary distribution for the

Markov chain (X,, n > 0) if

7T* : ,lT* P, i.e. "; 
:Lri pri, v7 € S (3)

Remarks. i€S

* zr* does not necessarily exist, nor is it rlecessarily unique.
* As we will see, if r'* exists and is unique, then a'i can always be interpreted as the average

proportion of time spent by the chain X in state i. It also turns out in this case that

E(4lXo:i) :+
lfi

where Tt : inf {n 2 O : X.: i} is the first time the chain comes back to state i.
x 11rr(o) : v*,ihen zr'(') 

= 
T* P :7T*',likewise, n@) -T * Pn : ...:'lT*,Yn 2 0, thatis, if

the initial distribution of the chain is stationary (we also say the chain is "in stationary state",

by abuse of language), then it remains stationary over time.

7



Ttivial examPle. m/ a/ :t -\.. - ;\ -
If (x,, ,, > 

^0) 
is a sequence of i.i.d. random variables, then pii : P!{"+r : J|Xn - L) :

F(X,+r : j) does u",oaty depend neither on i nor on n , so ,; : P(X, : z) (which is also

ina"f"rroeri'ot n)is a stationary distribution for the chain. Indeed,

/\
Lnipo,: (t"l ) e(x" : i):1'lP(x,:i):"i
nd \6/

Moreover, notice that in this example, z

beginning.

lim

(0) : r*, so the chain is in stationary state from the

Definition 1.9. A distribution nx : (n[, i € S) is said to be a limiting distribution for the

Markov chain (Xn, n > 0) if for every initial distribution 
"(o) 

o1 the chain' we have

(n.
1Ti ViES (4)

lf
n-+oo

L Remarks.
* If zr* is a limiting distribution, then it is stationary. Indeed' for all n ) 0' we always have

n@+r) - n@)f . ff ii"."-- n@)'- a-*, then from the previous equation (and modulo a technical

detail), we deduce that a-* : T* P '
* A limiting distribution 7I* does not necessarily exist, but if it exists, then it is unique"

The following theorem is central to the theory of Markov chains'

Theorem 1..L0. Let (Xn, n 2 0) be an irreducible and aperiodic Markov chain' Let us more-

over assume that it admits a stationary distribution zr*. Then zr* is a limiting distribution, i'e' for

any initial distribution ,r(0), hm,,-+ * n[^) -- tl 'Vi e S'

We sketch the proof of this theorem below'

Proof.(sketch) r -/t --\n'
The idea behind the proof is the following coupling argument' Let (X*'n 2 0) be the Markov

chain decribed above and let (h, n 2 oju" u, ini"p"ndent replica of this one' except for the

factthatY startswithinitialdistribution". ('oP(y': i):ri forall n) 0 andallz e S)'

Let us now look at the bivariate process (Zn : (X*,Y,),n 2 0). It can be shown that Z is also

aMarkovchain,withstatespacesx^gandtransitionmatrix

P(Zn+r : U,t)lz^ : ('i,k)) : Pt'i Pt'L

As X and y are both irreducible and aperio dic, 7, is also irreducible and aperiodic' It also

admits the following joint stationary distribution: Ilit,rl : ri ri' We now use the following

fact:

If a Markov chain is irreducible and admits a stationary distribution' then it is recurrent'

(This fact can be shown by contradiction: if an irreducible Markov chain is transient' then it

cannot admit a stationary distribution')

L
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SoZisrecurrent,whichimpliesthefollowing: letr:inf{n}0:X,:Y"}bethefirsttime
that the two chains X and Y meet. One can show thatfor all n ) ]and e € S,

P(X" : i,r { n) :P(Y,, : i,r { n)

But as Z rs rectrcent, we also have that F(z < oo) : 1, whatever the initial distribution z-(0) of
the chain X. So we obtain for i e S:

l"l") - nll : lP(X, - i) P(Y" : i)l
: lP(x":i,r <n)-P(y": i,r{ n)l+ lF(Xn:i,'r>n) -p(y":i,r)n)l

as P(r < oo) : 1. So n* is a limiting distribution. tr

Another equally important theorem is the following, However, its proof is more involved and

will be skipped.

Theorem 1.11. Let (Xn, n > 0) be an irreducible and positive recurrent Markov chain. Then

X admits a unique stationary distribution z*.

Remark.
An irreducible finite-state Markov chain is always positive recuffent. So by the above theorem,

it always admits a unique stationary distribution.

Definition 1.L2. A(time-homogeneous) Markov chain (X,, rl > 0) is said tobe ergodic if it is
irreducible, aperiodic and positive recurrent

With this definition in hand, we obtain the following corollary of Theorems 1.10 and 1.1 1.

Corollary 1.13. An ergodic Markov chain (X,, n > 0) admits a unique stationary distribution
a"*. Moreover, this distribution is also a limiting distribution, i.e.

J\lg "jd 
: rl ' vz e 's

We give below a list of examples illustrating the previous theorems

Example 1.14. (two-state Markov chain)
Let us consider a two-state Markov chain with the following transition graph (where 0 I p, q {
1):

1-,,
LIJ

9

1-q

tl

1

L{



As both p,,Q ) 0, this chain is clearly irreducible, and as it is finite-state, it is also positive

recurrent. So by Theorem 1.11, it admits a stationary distribution. Writing down the equation

for the stationary distribution r :lTP, we obtain

7To :'/to(f - p) 1- rt Q, 1rt:'ttoq * t\ (t - q) (5)

Remember also that as zr is a distribution, we must have lTs * th: 1 and 7To, 1Tt ) 0' SOlVing

these equations (and noticing that the two equations in (5) are actually redundant), we obtain

rto: rto (t - p) + (1 - 16) q ro(p*q):q, l.e
q

/r ll - p+q

L

so 7r* : (f.r,#r) is the stationary disrribution. Moreover, if pt q < z (i'e. if it is not the case

that both p : q: 1), then the chain is also aperiodic and therefore ergodic, so by corollary

1.13, r* : (ffi,rft) tt also a limiting distribution'

Notice that when both p : q : 1, then n. : (i,|) is the unique stationary distribution of

the chain, but in this case, the chain is periodic twlif, perio d d : 2) and r* is not a limiting

distribution. If for example the chain siarts in state 0, then the distribution of the chain will

;;i"h-ir"* n@) - (1,0) at even times to zr(') : (0,1) at odd times, and reciprocally, but it

will never converge to tfre stationary distribution ". 
: (;,;)'

Example L.L5. (music festival: modified version)

Let us consider the chain with the following transition graph:

U2

It has the coresponding transition matrrx:

L Dr:
rl2
rl2

1

714
tl2

0

tl4
0

0

We can again easily see that the chain is ergodic. The computation of its stationary and limiting

distributiongives /S 2 3\
'.: (rr' fi'u)

Quite unexpectedly, the student spends most of the time at the bar...

Example 1.16. (simple symmetric random walk)

Let us consider the simple symmetric random walk of Example 1'3' This chain is irreducible'

periodic with period 2 andall states are null recurrent. There does not exist a stationary distri-

tution here (NB: it should be the uniform distribution onZ,which does not exist)'

Concert

Dance

10



Example 1.17. (cyclic random walk on {0, 1, . . . ,l/})
Letus considerthechainwiththefollowingtransition graph (with 0 { P,q < l and p+q:1)

p
p

q

qq

It has the cor:responding transition matrix:

D-

This chain is irreducible and finite-state, so it is also positive recurrent, but its periodicity de-

pends on the value of .A/: if .A/ is odd (that is, the number of states is even), then the chain

is periodic with period 2; if on the contrary N is even (that is, the number of states is odd),

then the chain is aperiodic. In order to find its stationary distribution, observe that for all
j e S,liaspti : p + q : 1, so we can use Proposition 1.18 below to conclude that

,.. : (Nh, . . ,Fh),In case N is even, this distribution is also a limiting distribution.

Proposition L.L8. Let (X,, n > 0) be a finite-state irreducible Markov chain with state space

,S : {0, . . . , l/} and let z'* be its unique stationary distribution (whose existence is ensured by

Theorem 1.11 and the remark following it). Then z'* is the uniform distribution if and only if
the transition matrix P of the chain satisfies:

VTeS

Remark.
Notice that the above condition is saying that the columns of the matrix P should sum up to 1,

which is different from the condition seen at the beginning that the rows of the matrix P should

sum up to 1 (satisfied by any transition matrix).

Proof. * If n.* : (,h, . . , Fh) is a stationary distribution, then

1 -\- 1 - V7€S, i.e. Ip,i:1, V7€SN+l -LN+7r'.J', 
,€s

* If D,.s p,r :1, V7 e ,5, then one can simply checkthat n* : (rh,.. ,rh) satisfies the

equation iT* - T* P. tr

0p 0 0 q

q0 p 00

00 q 0p
p 0 0 q0

\,n4: r
zeJ
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What happens without the aperiodicity assumption?

Theorem 1.19. Let (Xn, ru > 0) be an irreducible and positive recurrent Markov chain, and let
zi'* be its unique stationary distribution (whose existence is ensured by Theorem 1.11). Then for
any initial distribution n(0), we have

h- 1 Y,"y' : rl., vz e s
"-* n lt:,

In this sense, ri can still be interpreted as the average proportion of time spent by the chain in
state i, and it also holds that

tr(Ttlxo: z) : 1, Vz e 
^9

'1T i

1.4 Reversible Markov chains and detailed balance

Let (Xn, n > 0) be a time-homogeneous Markov chain. Let us now consider this chain back-
wards, i.e. consider the process (Xn, Xn-t, Xn-2, . . . , Xt,Xs): this process turns out to be also
a Markov chain (but not necessarily time-homogeneous). Indeed:

P(X": jlXn+r : 'i, Xn+2 : k, Xn+s : l, . . .)

_ P.(Xn : j, Xn+t : ,i, Xn+z : k, Xn+z : l, . . .)
tr(X"*r : i, Xn+2 : k, Xn+Z: l, . . .)

P(X,.2: k. Xn,3 : /...., Ivt\ t - ,,Pl1\n+l - L) 1tn - .l ) (X,+t : j, Xn : i)
F(Xr+z -- k, X,,+3 : L, ...,\X,,+t : i) F(X,,11 : i)

F(X,*, : k.X,,, 3:1, ,lX,+t : i) P(&:jlX,+t:i) (6)Xr-2: A'. X,,: : 1.....IX,-r : i )

:P(X.: jlX,+t : i)

where (6) follows from the Markov property of the forward chain X.
Let us now compute the transition probabilities:

;- ,, _^.\ P(X.: j,Xn+t:i) _E(X,*, :,ilXn: j)P(X.: j) _nitrj")t p(X": jlXn+t-i):ffi:" :,_y;n

We observe that these transition probabiiities may depend on rl, so the backward chain is not
necessarily time-homogeneous, as mentioned above.

Let us now assume that the chain is irreducible and positive recurrent. Then by Theorem 1.1 l,
it admits a unique stationary distribution r*. Letus moreover assume that the initial distribution
of the chain is the stationary distribution (so the chain is in stationary state: z (") : v* , Vn ) 0,
i.e. tr(X" - i) : rl,Yn > 0, Vi € S). In this case,

P(X, : ilX.,+r - i) or5 : Fn,
7t;

i.e. the backward chain is time-homogeneous with transition probabilities f61.

P(

12



Definition 1.20. The chain X is said tobe reversible if fa1 : pii, i.e. the transition probabilities

of the forward and the backward chains are equal. In this case, the following detailed balance

equation is satisfled:
tri p;.i : r| Pir, Vi, i € S 0)

Remarks.
* If a distribution zr* satisfies the above detailed balance equation, then it is a stationary distri-

bution. Indeed, if zr'* satisfies (7), then

I "; 
pri :Lrj nit : "|\nit : ri, Vj e S

i€S z€S i€S

* In order to find the stationary distribution of a chain, solving the detailed balance equation (7)

is easier than solving the stationary distribution equation (3), but this works of course only if
the chain is reversible.
* Equation (7) has the following interpretation: it says that in the Markov chain, the flow from

state'i to state j is equal to that from state j to state z'

x If equation (7) is satisfied, then a'* is the uniform distribution if and only if P is a symmetric

matrix.

Example 1.2L. (cyclic random walk on {0,1, . . . ,l/})
Let us consider the cyclic random walk on {0, 1, . . . , I/} of Example 1.17 with right and left

transition probabilities p and q (p + q : 7). We have seen that the unique stationary distribution

of this chain is the uniform distribution ,r. : (rlT, ' ' ' , Fh) ' Is it the case that the detailed

balance equation is satisfled here? By the above remark, this happens only when the transition

matrixPissymmetric,i.e.whenp:q:L12.otherwise,weseethattheflowoftheMarkov
chain is more important in one direction than in the other.

Example 1.22. (Ehrenfest urns)

Let us consider the following process: there are 2 urns and ,A/ numbered balls. At each time

step, one ball is picked uniformly at random among the N balls, and transferred from the urn

where it lies to the other urn.

Let now Xn.bethe number of balls located in the first urn at time n. The process X describes a

Markov chain on {0, . . . , -ly'}, whose transition probabilities are given by

,A/-z, L

Pi,i+t: A- Pz,i-t : ;

The corresponding transition graph is

andv1<i<Ar-1 Por 1 Pru,.nr-r : 1

1/N ) /N.

13
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This chain is clearly irreducible, periodic with period 2 and positive recurrent, so it admits a

unique stationary distribution zi,*. A priori, we are not sure that the chain is reversible (although

it is a reasonable guess in the present case), but we can still try solving the detailed balance

. i+1
Tt+t - 

1rJ

N -i
"1.+l ' , 1 .,L-r L

equation and see where it leads:

iri Pi.;-t : Ti+rP;=t i i'e' 7T

So by induction, we obtain

N -i
+:

,A/

A/

Writing down the normalization condition D[t Tl : !' we obtain

1/ 1)+,1, l/l *
/ Ar - ;\l;l u

\1" L 1.,.
(T) rI

7fi il tli.".L

1:n6tt T) : n62* so *;:2-* ( ,A/

)
i : A,7, l/

L

L.

Remark.
In physics, this process models the diffusion of particles across a porous membrane' It leads to

the following paradox: assume the chain starts in state X6 : 0 (that is, all the particles are on

one side of the membrane), and let then the chain evolve-over time. As the chain is recurrent' it

will come back infinitely often to its initial state 0. This seems a priori in contradiction with the

second principle of thermodynamics, which states that the entropy of a physical system should

not decrease. Here, the entiopy of the state 0 is much less than that of any other state in the

middle, so the chain shourd not come back to 0 after having visited states in the middle. The

paradox has been resolved by observing that for macroscopic systems (that is' ly' - 6'022 x

1023, the Avogadro number), the recurrence to state 0 is nevei obslrved in practice, as r$ : 2-N '

l.5Hittingtimesandabsorptionprobabilities

Let (Xn,n 2 0) be a Markov chain with state space S and transition matrix P and let '4 be a

subset of the state space s (notice that A need not be a class). In this section, we are interested in

knowing what is the probability that the Markov chain X reaches a state in '4' For this purpose'

we introduce the following definitions'

Definition 1.23.
* Hitting ttme'. Ha: inf {n 2 0 : X, € A} =the first time the chain X "hits" the subset A'

* Htttingprobabilityt hil,:P(Ho. *lxo - i,) P(ln > 0such thatxn e Alxo:11'
ies.

Remarks.
* The time H nto hit a given set A might be infinity (if the chain never hits ,4).

* onthecontrary, we say by convention that if xs: i'andi, € ,4, then He = 0 and htn:1'
x If A is an absorbing set oi states (i.e. there is no way for the chain to leave the set A once it

has entered it), then ihe probab llity hin is called an absorption probability' A particular case

that will be of interest to us is when ,4 is a single absorbing state'

t4



The following theorem allows to compute the vector of hitting probabilitie s hn : (hi.n, i' e S) '

Theorem 1.24. The vector ht : (h*, i e s) is the minimal non-negarive solution of the

following equation:
h';a:1
h,i,.q : D7e s P4 hit

YiEA
YifA

(8)

By minimal solution, we mean that if g,q : (gu, i € s) is another solution of (8)' then gin )

h,.1, Vi € S.

Remarks.
* The vector hn ts not a probability distribution, i.e. we do nothave I ., ht,q -: l"
* This theorem is nice, but notice that in order to compute a single hitting probability h;n, ona

needs a priori to solve the equation for the entire vector lt,x. It turns out however in many

situations that solving the equation is much easier than computing directry hitting probabilities'

Proof. * Let us first prove that h,1 is a solution of (8). If i e A, then h1,a : 1' as H 'q 
:0 in this

case. If i. ( A, then

n'^ :ffi; .*r",'r)! ̂ ":'--,Ii":=,i-,f 
:ii;: I

.i€s

!ri=, ) 1 : X,, e AlXr: J)P(X1 -- tlXo: i) (9)

JED

: tP(ln > 0:x,, e /ix6 : i)pr,;: t h,,,tP1i (10)

tr -r€s

where (9) follows from the Markov property and (10) follows from time-homogeneity'

Notice that if the state space S is flnite, then it can be proved that there is a unique solution to

equation (8), so the proof stops here.

I In general however, there might exist multiple solutions to equation (8). Let us then prove that

h,a is minimal among these. For this purpose, assume 9a is another solution of (8)' We want to

provelhatgin)-ht,A.,VzeS'Atgrisasolution,weobtainthetollowing'

If i e A, then g,a : 1 : h.ia. If t' ( A, then

/-\
9;A:l p,igi,a: t p,., +LP,i9i.t: t P;i +\'', It pik + ) ]r'uoo'' 

J

.r€s j€A j(A s€A j{A \lte kqA /

: P(Xr e AlXo: i)-tP(Xz e A,Xr f llxo: z) t It PtiPi*lnq
i(.a x$a

: P(X, e A or X2 e AlXo : z) + t Lr', Pi* 9r",q'

1$,a te,t

15



Observe that the last term on the right-hand side is non-negative, so

9tq) P(X1 e AorX2€AlXo:i)

This procedure can be iterated further and gives, for any n ) 7:

9rt) P(X, e Aor X2€ A or... or X, e AlXo : i1

So flnally, we obtain

9,.t) tr(ln> 1'.X,.,,€AlX3 -i) P(ln> 0:Xne AlXo:i,):hrt

which completes the proof. tr

We are also interested in knowing how long does the Markov chain X need to reach a state in

A on average. For this purpose, let us introduce the following definition.

Definition 1.25. The average hitting time of a set ,4 from a state i € S is defined as

FiA: E(I1Alxo - x) ! ntr(H,q : nlXo: i)
n)0

Notice that this average hitting time might be oo. The following theorem allows to compute

the vector of average hitting times p.a : (pu, ? € S). As its proof follows closely the one of
Theorem 7.24,we do not repeat it here.

Theorem 1.26. The vector FA : (t oe,i € S) is the minimal non-negative solution of the

following equation:

^VrItz.l - u

l-LtA : 7 *Dieopzj ltje V,

Please pay attention that this equation is similar to equation (8), but of course not identical

We list below a series of examples where the above two theorems can be used.

Example 1.27. (gambler's ruin on {0,1,2,...,//})
Let us consider the time-homogeneous Markov chain with the following transition graph:

1/2

€

#

A

A
(11)

1
1

tlz

112L/)

This chain models the following situation: a gambler plays "heads or tails" repeatedly, and each

time wins or loses one euro with equal probability ll2;he plays until he either loses everything

or wins a total amount of ly' euros. Assuming that he starts with z euros (with 1 < i, < l[ - 1),

what is the probability that he loses everything?

I6

L

t



The answer is h16 : P(H0 < mlXo : e) (indeed' the only alternative is Hx < oo)' Let us

therefore try solving equation (8):

,i:O: lzos:1
1 < i < .1/ - 1 : hio : l(hi*t,o* hr+r,o) i'e' lr,+t,o : 2hio - hi-t,o G2)

: 
- 

AI l- - 
n1:lV'. tlN0-u

Notice that there is actually no equation for h7y6; we therefore choose the smallest non-negative

value, i.e. 0 (another view on this is that we know that h1,.6 : 0, as 0 is not accessilble from /f)'
This gives

hzo :21'tu) - l. h:Jo : 2hzo - hto:3hv1 - 2'

By induction, we obtait h,o : ih.l - (' - 1)' v1 < i <'A/ - 1'

Writing down equation (1 2) for i : ly' - 1, we further obatin

0: hruo :2hNt,o- hr,,-z.o:2(N- 1)hro-2(N -2) - (,^/-2)h10+ (li -3)

Therefore l/hro -,4/ + 1 : 0, i.e.

r N-l
/r1o - 1,r,

iN-i-.^/i+N N-i
and

1,I I .l\

.I

tli f'l

tl

I
fi-1/r{

Here is now a second question: how iong will the game last on average (until the gambler either

loses everything or wins N euros), assuming again the gambler starts with ti euros (1 < ? <

N-1)?
The answer is the following: let us consider the subset A : {0,//}; the average duration of the

game is FtA : E(HAlXo: ,). Noti"e that htA :1 (as there is no other alternative than to end

in 0 or ,nQ and also that the chain has a flnite number of states, so piA ( oo (whereas it can be

checked that both ltn : FtN : oo). The equation (11) for the vector pa reads in this case:

ltuA - u

LtiA:1 -, +( pi-t.,q * pi,r.e)
.. n
I.LNA - U

l-L.i+t,A : 2l-tt.q - 2 - l1;.'t,t (13)

The solution of this equation is obtained sirnilarly to the previous one:

[LzA:2St:n - 2, llst:21'',o-2 - 2L"o:3lt't's - 6'

i:0:
1<i<.^/-1

1:3 N-1 N

1.e

1\rZ

t7

,A/ ,A/

a
a



so by induction, we obtain: LL,i,q. 
: iLrrt - i(i - l)

Writing down equation (13) for z : ly' - 1, we further obtain

0 : prua : 2pL,N_r,a - 2 - ILN-2,A

:2(l'{ - 1)p,, - 2(l/ - 1)(l/ -2) -2- (N -2)t"e+ (l/ - 2)(1/ - 3)

: ly'Pr,r - (l/ - 2)(2('\' - 1) - (l/ - 3)) - 2

:.lVPr, - (N'- A- - 2) -2: /fPte - I/2 + l/

So pra : {}4 - .^/ - 1 and' prin: e(1f - 1) - i(i - l) : i'(N - i)'

lri.'t
aattllaarra

tl:
ll.t a:

rtt
la

ti t'
I

L
0

NI

Example 1.28. (gambler's ruin on N)

Let us consider the time-homogeneous Markov chain with the following transition graph

L

n

This Markov chain describes a gambler playing repeatedly until he loses everything (there is no

more upper limit //), winning each game with probability 0 < p < 1 and losing with probability

Q : l - p. Starting from a fortune of i euros, what is the probability that the gambler loses

everything?

The answer is again h;s, So let us try solving equation (8) (flrst assuming that p I I l2):

hoo : 1, hrt : Ph*r,o * qht-t,o i ) 1

The general solution of this difference equation is given by

hn : aa'* + 13 a'-

where laarethe two solutions of the quadratic equation y : pA2 i q,i'e' U+ -- 7,A-: qlp'

Therefore' 
lt;s.: ';v + g lqlP)'

Using the boundary condition h,-: Phzo I q, we moreover obtain that a i 0 :7,r'e'

lti11:a+(1 - *)@ld'

0

q

L
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For any a € [0, 1], the above expression is a non-negative solution of equation (8). The param-

eter @ remains to be determined, using the fact that we are looking for the mtnimal solution.

* if p < q, then the minimal solution is given by h,o:7,Yi (i.e. a : 1;

* If p > q, th:n the minimal solution is given by h;o : (qlp)i, Vz (i.e. a : 0)

In the borderline case where p : q : 112, following what has been done in the previous

example leads to
hio: ihrc - (i - 1), V,

and we see that the minimal non-negarive solution is actually given by hro : 1, leading to

hn : l for all z.

In conclusion, as soon as p < 1l2,the gambler is guaranteed to lose everything with probability

1, whatever his initial fortune.

Remarks.
* These absorption probabilities we just computed are also the hitting probabilities of the

Markov chain with the following transition graph:

3

q

p p

q

Andforthischain,theprobabilities hn: P(ffo < oolxg:1) and/o: tr(70 < oolXo:0)
are equal! So this new chain is recurrent if and only if hrc : 1, that is, if and only if p < 112.

* In the case p : ll2,we can also compute the average hitting times p1e, following what has

been done in the Example 1.27 . We obtain:

llto : il'ro - i(i - l), Vi

As z(i - 1) increases faster to oo than i, we see that the vector ps cafi be non-negative only if
Fto : oo itself, t.e. ltto: oo for all e. This is saying that in this case, the average time to reach

0 from any starting point i is actually inflnite!

x Making now the connection between these two remarks, we see that for the chain described

above, we have
@ : Fro : E(I/olxo - 1) : E(?tlxo : 0)

i.e. the expected return time to state 0 is infinite, so the chain is null recurrent when p -- LlZ
(similarly, it can be argued that the chain is positive recurrent when p < ll2).

19
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1.5.1 Application: branching processes

Here is a simple (not to say simplistic) model of evolution of the number of individuals in a
population over the generations. Let first (pi., j > 0) be a given probability distribution.

Let now X, describe the number of individuals in the population at generation ??. At each

generation n,each individual ? € {1, ...,X,-}hasCi children, where (Cf ,i.} L.,n > 0) are

i.i.d. random variables with distribution tr(Ci : j) : pi, j ) 0. The number of individuals at

generation n * 7 is therefore:
xn+r -- C? + ...+ Ck^

Because the random variable Ci are i.i.d., the process (Xn, n > 0) is a time-homogeneous
Markov chain (what happens to generation n * 1 only depends on the value Xn, not on what
happened before). Let us moreover assume that the population starts with z > 0 individuals.

We are interested in computing the extinction probability of this population, namely:

hn:P(Xn:0 for some n ) llxo : z).

This model was originally introduced by Galton and Watson in the 19th century in order to study
the extinction of surnames in noble families. It nowadays has found numerous applications in
biology, and numerous variants of the model exist also.

Remarks.
* If po : P(C? - 0) : 0, then the extinction probabiTity hio : 0, trivially; let us therefore
assume that p6 > 0. In this case, 0 is an absorbing state and all the other states are transient.
* If a population starts with z individuals, then if extinction occurs, it has to occur for the family
tree each of the z ancestors. So because of the i.i.d. assumption, the total extinction probability
is the product of the extinction probabilities of each subtree, i.e. h;s: (hro)i.
* As a corollary, the fact that extinction occurs with probability 1 or not does not depend on the

initial number of individuals in the population.
* Fold : 1, the transition probabilities have the following simple expression:

ptt : F(X,+r -- ilx" - 1) : P(Cf : j) : pi.

From Theorem I.24,we know that the vector l'tp1 : (h,s,, > 0) is the minimal non negative

solution of
/266 : 1, h;o:l p,1lrir, i > 7

j>0

In particular, we obtain the following closed equation for h16

,- 
: Pu hjs: t pi @rdj (14)"'u - 
*u rzu

In order to solve this equation for /z1s (remembering that we are looking for the minimal non-
negative solution), let us define the generating function

g(z):Lp,rt, ze [0,1]
j>0

L
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Equation (14) can therefore be rewritten as the fixed point equation hn : g(hd'Its minimal

non-negative solution is given by the following proposition'

Propositionl.Zg. Let 1t.: Di>, pi i bethe average number of children of a given individual'

*Ifp.(1,thenhr :l,i.e.extinctionoccurswithprobabilityl'

* If lr" > 1, then the minimal solution of h1s : g(hrc) is a number strictly between 0 and 1, so

both extinction and survival occur with positive probability.

From this proposition, we see that slightly more than one child per individual is needed on av-

erage in o.deifo. the population to survive. But of course, there is always a positive probability

that at some generation, no individual has a child and the population gets extinct'

proof. Let us analyze the properties of the generating function 9:

* g(0) : po € ]0, 1], g(1) : Dr>o Pi : 7

* g,(r): Ii>r pji ru-',so9'(1) : Di>, pii: lt".

* g" (r) : Di>rpi iU - 1) zi-z ) 0, so I is a convex function'

Given these properties, we see that only two things can happen:

.1

-t

Pr:

r-t
ll,o I

x Either lt" 1l (top curve), and then the unique solution to equation hn: g(lao) is hlo : 1'

* O, lr. > 1 (bottom curve), and then equation hn : g(hro) admits two solutions, the minimal
trof which is a number h{o e ]0, 1[.

2t



2 Continuous-time Markov chains

2.1 The Poisson process

Preliminary. (conyergence of the binomial distribution towards the Poisson distribution)
Letc > 0 and Xr,...,Xu be i.i.d. random variables such thatF(X, : +1) : cf M and

tr(X, : 0) : t - ("lA[),for 1 ( i < A,t.

Letalso Zu : Xt * ...* Xtr.Then Zxa -Bi(M,cf I\tI),i.e.

p(zu : k) : (y ) klMr)* (t - (cltv))*-r, 0 < k < M

Proposition2.l. As Il[ -+ oo, the distribution of ZAa corverses to that of a Poisson random
variable with parameter c > 0, i.e.

ck-+ -e,\1-+co k! -

Proof. Let us compute

P(zv : 1,1 : (y ) Gl^00 (1- (clrv,t)),-o

: W#,, _ kl^r))n (r _ (,/^t))-o _ + { "-.l,t-* kl -

2.L.1 Definition and basic properties

The Poisson process is a continuous-time process counting events taking place at random times,
such as e.g. customers arriving at a desk. Its deflnition follows.

Definition 2.2. A continuous-time stochastic process (l/r, , € R+) is a Potsson process wtth
intensih)>0if:
x 1/ is integer-valued: ,A[ € N, V, € ]R+.
* AIo : 0 and ,l/ is increasing: l/, < l/, if s ( f .

* ly'has independentandstationaryincrements:for a1l0 < h I ...1tr,randn1,...,TLr, € N,

n't'n:,;l liilh ,:';,,:.;;- tA" i --,: R-)

and forall 0 < s ( t andn,m € N,

P(Ai - I/, : n) : P(l/,-, : n)

*F(l/a,-1) :)Ar+o(At),tr(l/o,>2):o(At),wherebydefinitioniim4l-16'tfJ' :0.

NB: As a consequence of this definition, we see that tr(l/o, - 0) : (1 - )At) + o(At)

P(ZM : k)
*k

0YK

L,

L
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Illustration. Here is a graphical representat'lon of the time evolution of a Poisson process

N1

Lt

,\,
1_-'L4

From thq above definition, we deduce in the proposition below the distribution of the poisson

process at a given time instant'

Propositio n2'3' At time t € R1' 'nft is a Poisson random variable with parameter '\t' i'e

P(lr, : k; : 0t t-r', /c > o

Proof. (sketch)

Leti eR*, M ) 1 and deflne Lt - tlfut ' We can write

l\I

N, : I Xo, where Xt': Ntll. - l{12-r)At

i:7

FromthelastlineofDefi.nition2.2andthestationarityproperty,wededucethat
),

P(Xi:1) :P(lV^t:1) -)A': L,l

P(X,, > 2) : P(Ai722) =0

P(xi : 0) :tr(N6r : 0) - 1 -',\At :', - #
TherandomvariablesX;canthereforebeconsideredas(nearly)Bernoullirandomvariables

,\t
with parameter fi. Therefore'

k

(
M-k

P(/{r : k) : P(Xr * . .. - Xu: k) :

()1)k -.\r
-+M-+rr kl

by Proposition 2'1

Corollary 2'4' Pott € lR'1' E(N') : )t (so '\ is the average number of events per unit time)

(Y ) (#) )

23
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2.1.2 Joint distribution of the arrival times and inter-arrivar times

Definition 2.5. The arrival times of a Poisson process are deflned as

7o:0, Tn:inf{t €lR-,.:Nt:n}, n)t

T1 Tz 13

The cumulative distribution function (cdf) of a given arrival time can be computed easily:

p(zt s ,) : P(t/, ) n) :I *rr, - k) :2(a1r)- 
"-"k)n k2n tu:

and its corresponding probability density function (pdf) is given by

pr^(t) : **rr, I t) :I #5 e-\' - XlY ) e-^'[

/: ),e-^L( I,(]t='. - tEt) : 
^"-^,9+1*,,(k-r)! * kt )-"" (?zLI

i.e- Tn - Gamma(n, )) (and remember that such a Gamma random variable can be written as
the sum of ru i.i.d. exponential random variables, each of parameter ) > 0),

We now would like to compute the joint distribution of the arrival times Tt, . . . ,Tn. Forthis, let
us recall the following.

*rf r isanon-negativerandomvariable, thenfor0 ( a <b,p(a <T < b): [:dtp7(t),
where p7 is the pdf of 7.
* Similarly, itl,> ...2T2) Tlarenon-negativerandomvariables, thenfor0 ( a1 1fu {

F(nt < Tr { bt, a2 {Tz I b2,..., a, < T, < b,)

Nr

L

L

f 
"0,,' 

*, f ,0,,' 
*, 

/"0,,," 
dt,,Pr,,...,r,,(tr, "',t,,)

where pT1,...,7n is the joint pdf of 71, . . . ,Tn

24
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Let us therefore compute

F(o, < Ttlbt, a2 .,-T2/-b2,. ,an<7.<b.)

:P(Nrr:0, Nb, -l/", :1, Nr,r-/tlb, -0,"', No, -A'l',-r:0' Nt'. -N"' > 1)

:F(N,,:0)tr(Ni, -l/,,:1)P(N,, -Na, -0) ' P(l/,,, -l/a--,:0)tr(l/a^ -l/"" > 1)

: s-\a,1)(b, - A1)s-)(br-aa) 
"-\(az-h) 

... 
"-\1''"'-b'-r) 

(1 - e*r{a"-"'");
rt-l rbt fbn

- )'-r f[fo, - ai) ("-)'" - "-rb") - I a,, ' I dln 
^n 

e-^t"

r:1 Jo' Jo''

So the joinf pdf of A, . . . ,Tn is given by

Prr,...,r,(tr, . . .,tn) : Sn 
"-)'t^ 

11s<t,<...<t,)

In particular,

Pr1,...,7,-1r,.(tt, " ',tr-t ltr) : '-iftf'f
S,"-\tn (n - 1)! ,: 

m11s<t,<"<t,I: (lr)rr r{0</r< '</"}

i.e., given thatTn -- tn, the random variables Tt,..,,Tn-r have the same distribution as the

order statistics of n - | random variables uniformly distributed on [0, t,].

Definition 2.6. The inter-arrtval times of a Poisson process are defined as

Sr:Tn-Tn-t, n ) 1

Equivalently,Tn: Sr * Sz * ..' + ,S,, for n ) 1.

53

I

Nt

54S1 S2
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L

Thejointpdfof,sl,...,S,canbeeasilycomputedfromthejointpdfofrl,...,Tnl

Pst,...,sn(rr''..,sr) : Pry,...,Tn(sr,sr -l szt...,sr *... + rr)

- tn --)(sr*...*s-) -, 
n

: A'' e ' -'"i llsr>6,sr*szlsr,...,sr*...*s2)s,a...*s.-r) : fI ) e-)'n 1".>g
i:1

i.e. ,S1, . . . , Sn are n i.i.d. exponential random variables with parameter ) (and as already ob-
served above, fi is the sum of them). This gives rise to the following proposition (which can
also be taken as an alternate definition of the Poisson process).

Proposition2.T. Let (5., n > 1) be i.i.d. exponential random variables with parameter ) > 0.
Then the process deflned as

l/t : max{n) 0: Sr f ... + Sn < t},, € lR+

is a Poisson process of intensity ) > 0.

Remark.
The exponential distribution of the inter-arrival times leads to the following consequence:
x Let ts € IR..,. be a fixed time, chosen independently of the process l/. Then by stationarity,

tr(N,o*, - N,o > 1) : P(lf, > 1) : 1 -p(lf, - 0) : I - e-^t
* Let us now replace t6 by an arrival time of the process T*. Then again,

F(Nr;*r-Nr.>1) :tr(S"*r<t) :7-"-^',i.e.theprobabilityisthesameasbefore!

So the probability that an event takes place I seconds after a given time does not depend on
whether this given time is an arrival time of the process or not"

2.L.3 Additionalproperties

We prove below two useful propositions.

Proposition 2.8. (superposition of two independent poisson processes)
Let l/(1), ry(z) 6" two independent Poisson processes with intensity )1 and )2, respectively.
Then the process l/ defined as

l/':14') +N['), le IR*

is again a Poisson process, with intensity )1 + )2.

Proof. (sketch)

We only prove here that for I € R+, N, is a Poisson random variable with parameter ()1 -f )2) t:

F(1/, : n) : F(lf,t') + Ar(2) - r) : Ip(Nl', : k.-U', : n - k)

n

a:0

: iP(t{' ) : k)p(142) : n _ k) : I0!I ,-s,t 
()zt)n-* --^,'

r.:o 
Lrr'\t -tt-n'- L A"l 

e - 
(nJ)e

: + nl tf rt-a t ,-{^','^,,, (()r + )z)')' --()r+):)l- k ktln - 1r1t. "t nz nl' nl '
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The superposition of two Poisson processes is illustrated on the flgure below.

{1j
+ N"'nl

l)\,
N

N 
i1l

t

The next proposition is in some sense the reciprocal of the former one.

Proposition2.9. (thinning of a Poisson process)

Let ,A/ be a Poisson process with intensity ) and let (X,, n > 1) be a sequence of i.i.d. random

variables independent of l/ and such that tr(X" - 1) : P : L- e(X" : 0), with 0 < p < 1"

Let us then associate to each arrival time Tn of the original process Iy' a random vaiable Xn

and let N(1) be the process whose arrival times are those of the process l/ for which Xn : 7.

Then lf(l) is again a Poisson process, with intensity p).

Proof. (sketch)

We only prove again that for f € R*, NJ') is a Poisson random variable with parameter p)t:

tr(lvrjt) - k) : I*f r, : fr,Xt+... + X, : k)
n,)/i

: Itr(l/, : n)p(X1 + ... + X.: k) (15)

nlk
/\r\/r

5- \atl 
"-ir/J rr!

n)k
(;) pkQ-p)'-o

- 
(p)r)o

l-l
,-^, I

n)k

()/)'-o ,, -,n_r {p)t)a ^-rr,
l,-kt 

(r-1'rl ' - kl ''

where (15) follows from the assumed independence between the process // and the random

variables (X,, n > l). n
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2.2 Continuous-timeWlarkov chains

L

2.2.1 Definition and basic properties

Definition 2.10. A continuous-ttme Markov chain is a stochastic process (X,, t e R*) with

values in a discrete state space S such that

P(Xr,*l : jlXr-:'i,Xr,,-,: in-t,.",Xro: io) : F(X,-*, : jlX;,:i')'
Yj,i,tn-1,..',zs € S and Vd, ) tn-r) "' >t0 > 0

If moreover

F(X,+,: jlX"-i):P(Xr: ilXu:i):pri(t), Yr',ie S and Vl,s)0
then the chain is said to be tirne-hotltogeneous (we only consider such chains in the following).

Notice that we do not have anymore a single transition matrix P : (p.,i),.,je s, but a collection

of transition matrices Plt): (fni(t;7",,rt, indexedby t e R"1.

Example 2.11. The Poisson process with intensity ) > 0 is a continuous-time Markov chain'

P(l/r,,*, : jlNr,, : i, Nt^ ,. : ir-t ' ' ,'Vr, : io)

:F(Nr,*, -ly'r,, : j - ill/r,:i,A'r,-,: in-r,...,Iy'tu:zg)
: P(Nr,*, - /y'r, : j -ri) : P(l/r,. +r-tn : i - r)

where the last line follows from the independence and the stationarity of increments. Similarly,

we obtain
F(li,*, : -7llq, - i) P(ly't,*,-r, : j - i)

proving therefore the Markov property. Furthermore, the transition probabilities are given by

( )l)r ' ,,
P;1(l I :P(n'r : j - i) : 

ij.e
Notations.
* n(t) : (no(t), i € ^9) is the disrribuion of tlrc Markov chain at time, € R+.

i.e,n;(t) :f(Xr:i),Again,wehaven,(t)>*0foralliesand!0.,tri(t):1,VlelR*"
* ,(0) : (zr; (0), z e S) ts the initial distrtbutioru of the Markov chain'

One can check thatri(l) : I,., rlO)p;i(t) and ri(t + s) : D,.s ri(t)pi1$)'

The Chapman-Kolntogorov equattorl reads in the continuous-time case as

pri(t+ 
") 

: t p,oQ)P*1$), Vi, j e S, f,s € R1

keS

Proof. Along the lines of what has been shown in the discrete-time case, we obtain

p;,(t+ s) : lF(X,*": JIXo - i) Ip(X,*, : j,Xt: klXo:i)
tu€S

: t tr(X,*" : jlX, : k, Xo: i)tr(X, : klXo - i) lno^(t) P4$)
li€S k€S

tr
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2.2.2 Thansition and sojourn times

Disclaimer. In this section and the following ones, rigorous proofs are often missing!

Definition 2.12. The transition and sojourn times of a continuous-time Markov chain are de-

fined respectivelY as

7o : 0, Tn+r :inf{i > Tn : X1 * Xr-}' n2 0

and

Equivalentl!,Tn: Sr t...-F S,'

Sn: Tn - Tn-1, n 21

The following fact is essentially a consequence of the Markov property'

Propositio n 2.13. (without proof)

it . soioo* times (,S,, n > l) are independent exponential random variables'

Remarks.
* In general, the sojourn times (S,, n 2 1) are not identically distributed random variables'

* Also, the parameter of the exponential random variable Sr,11 depends on the state of the

Markov chain at time T'' Thatis' given that X7^ : i' Sn+l is an exponential random variable

with some parameter z;, so that the average *ulting time in state i is E(S,11lXr* : i) : llu*
The paramit"r ,nis the rate at which the chain leaves state i.

Here is the graphical representation of the time evolution of a Markov chain with 3 states and

ut-uJluzi

l

:

l./1,t/.\ <, l/ )

In order to avoid strange behaviors (such as e.g. processes with infinitely many transitions dur-

ing a fixed period of time), we make the following additional assuntption"

rL

fs,: ?; -+ oo
Ll n-+oo
^_1
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2.2.3 Embedded discrete'time Markov chain

Letusd,eflne ft.-: X7-afld}r,i:tr(X7.*r: ilXr^: i):P(&*t : ilft*:i')'i"i e S'

Fact. (withougfroofl
The proces, (e, n 2 o)is a discrete-time Markov chain with transition probabilities (fr7)6,76s'

It is said tobe embeddedinthe continuous-time Markov chain (X1, t € R+)'

Remark.
* Notice indeed thatQ;1> 0, Vi, j e S and !r., Qti : l, Vi e S' as in the discrete-time case'

8 Here, in addition , O; - 0, Vz e S, i.e. trr. 6*u"aaed discrete-time Markov chain never has

self-loops in its transition graph.
x The embedded chain does not "see" the time elapsed between any two transitions.

Fact. (again without Proof)
The continuous-time 

-Markov 
chain (Xr, t e lR+) is completely characterized by the parameters

(rr)ors (= the rates at which the chain leaves states) and (Qi)i,irs (= the transition probabilities

of the embedded discrete-time chain).

From this, we also deduce the following (by an approximate reasoning):

p,;(AC) :P(Xar :ilXo:i)=P(n >ArlX. -i) "-vtLt -1- uiL't* o(At)

nt1(Lt): F(Xar:JlXo -i) =P(Xn : i,Tr < AtlX0 :i) =OtiQ- "-vtLt1
: Q;ru;Ll+ o(At)

Let us therefore define a new matrix Q as follows:

Qi, -- -ui, and Qti : u;Q,r, j +'
Then lqill : r/t represents the rate at which the chain leaves state i and qii : ue1t'i represents

the rate at which the chain transits from state'i to state j. Notice also that

/_ \
ltoi: Qtt *looi - -uin 'n lDAt ) : o' Ve e S

i.s i+i \ i+z /
Finally, we deduce from equations (16) and (17) that

P(At) :I+QLt+o(Al)
The matrix Q characterizes therefore the short-term behavior of the continuous-time Markov

chain X. It is therefore called the infinitesimal generator of X.

2.2,4 Kolmogorov equations

Proposition 2.14. (Kolmogorov equation: version 1)

(16)

(t7)

(

dT;l[ I r-
+t: ) ' ni!) qit. Vr,J € S

d+tt L
?€5

dr
or in matrix form: fr (t) 

: r(t) Q

30
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Proof.

r1Q + At) : I "n(r) n;1(Lt) : ri(t) pi:(Lt) + ! tiQ) pi1(Lt)
ie s i'*i

: ri!) + , ri(t) (qiiLt + o(At))
i€s

where the last equality is obtained using equations (16) and (17). Therefore,

Ti (i+At) -"t(t) : t trr(t)qti- #
ies

*,,) : l)%.J-*=9 : 
E 

ritt) Q;t

aYftl: t p*(t) qki :L,ru*vx1ft),
uL 

-k?s k€s

Lt

so taking the limit At -+ 0, we obtain (watch out that a technical detail is missing here)

tr

Propositio n 2.15. (Kolmogorov equation: version 2, "fotward" and "backward")

Vi,j€,S, VteR*

or in matrix form
dP
e (r) :P(t) Q:QP(t)

We skip the proof: it follows the same lines as above. The only difference is that the Chapman-

Kolomogorov equation is used here:

priQ + Ar) : l,,nor(t) nxi(Lt): t pt (Lt) nq(t)
k€S k€S

Example 2.16. (two-state continuous-time Markov chain)

Let us consider the continuous-time Markov chain with state space 'S 
: {0, 1} and infinitesimal

generator

(
Lt, )

-^)Q:
I,L

T

ll
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The embedded discrete-time Markov chain has the following transition matrix:

o:(?;)
and the average waiting times *. I i" state 0 *U ; 

in state 1

1.,1 t ltr
!.1 1\ ;r<,\

The Kolmogorov equation (version 1) reads in this case

(drn dnr\ i \ ( -^
(; dt ): 

(zro'rr)\ 
tt

))
- tL )

Solving this ordinary differential equation, we obtain

and

- /+\ - 
l-L J-/ro\1./-)+p I

/ r\
( z,n(0) - ,! ) e-tA-rtt
\ ^+ 11/

( n,(0, - ]-) e-(^+t'!)t

\ " A+ l-t/rr(t) ^---L- )+ tr'

\
2.2.5 Classification of states

As in the discrete-time case, let us introduce some definitions'

*Twostates i,and j communicatettT2ii(t) > 0 andpii(t) > 0forsomet ) 0'

sThechainissaidtobeirreclucibleifa].|statescommunicate"

*Fact: if pi,(t) ) 0tor somet > 0,then Pi1ft) 2 Tforallt > 0'sothereisnonotionof

periodicity here.

* Let ft be thelrs/ retLtrrt time to state i: R; : inf {t t T1 : Xt : i}'

*Astateiissaid loberecttrrentif,f.:[D(/?i < mlXo - i):landtranslenrotherwise'

x Moreover, if a state zl is recurrent, then rtis positive recurrent if E(Etlxo : i) < a andnull

recurrent otherwise.

32
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Remarks.
* The continuous-time Markov chain X and its embedded discrete-time Markov chain X share

all the above properties (except for periodicity).
* X is said to be ergodic if it is irreducible and positive recurrent (and as before, in a finite-state

chain, irreducible implies positive recurrent).

2.2.6 Stationary and limiting distributions

The following theorem is the equivalent of Corollary 1.13 for discrete-time Markov chains.

Theorem 2.17. LetX be an ergodic continuous-time Markov chain. Then it admits a unique

stationary distribution, i.e. a distribution z-* such that

n. P(t) : v* ', Vl e 1R'* (18)

Moreover, this distriburion is a limiting distribution, i.e. for any initial distribution zr(0), we

have
Iim
,-)oo "(t)

)
7T

Remark.
Equation (18) is not so easy to solve in general, but it can be shown to be equivalent (modulo a

technical assumption) to the much nicer equation

r*Q :0, i'e' L"i Q4 = o, v7 e s (19)

i€s

Here is the main proof idea in one direction: if a'* satisfies (18), then t"(P(t) - P(0)) : g,

Vt e IR*. So

ls*.(t@;'q) :o

which in rurn implies (and here comes the technical detail that we skip) that 
"- #(0) 

: 0,

i.e. r*Q : g.

Example 2.18. (two-state continuous-time Markov chain)

Turning back to the two-state continuous-time Markov chain of Example 2.16 (which is er-

godic), we need to solve

( -)^
)1n'n, n1 / -011 - l-L

which leads to (*d, ri) : (rft, #). Notice that this result could also have been obtained by

taking the limit t -+ oo in tie expression obtained for (zrs (t), ert (t))'
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Example 2.19. (birth and death process)

;,et (ir,, € R.+) be continuous-time Markov chain with state space ,S : N and inflnitesimal

generator

if j:i-1
rf j:6
ifj:61r1
otherwise

So zs : ), and ut: \t p for i > 7. Moreover, the embedded discrete-time Markov chain has

Qoj :
-) ifj:g
.\ If j:1
0 otherwise

11

-) - 1-t

)
0

for i, )- I-r:{and

the following transition probabilities :

Qor r . Qi,i+t- '\
Qor: 

^:'', 
Qi,t+t: h 

: 
A+ti'

corresponding to the transition graph

io,.-r: Qt,t-t _ l-L

ui \* lt

1

\

cl q

where p : h,and q - 7 - p : fr,,i.e. this chainis arandomwalk on N'

Let us now look for the stationary distribution of the continuous-time Markov chain, if it exists.

* If .\, p > 0, then the chain is irreducible'
x If ) > I,L, i.e. p > q,then the chain is either transient or null recurrent. so there does not exist

a stationary distribution.
* If on the contrary \ < 1.t, r.e. p < q, then the chain is positive recurrent, and solving the

equation r* Q : 0 in this case leads to

1to Qoo * zh gro : 0, 7tt-7 Qt-7,t * h qu * r*r Qt+ti : 0

-) a'o * 1.t 11 : 0, \r;t - () + tt) n + FlT;'+t :0

q

L

So
)

/l l--l10)
LL

712: -
1

l_L

(() + p)rr - )ns) : '1Tst]
l_L

( )

2

-1
and by induction,

,- : (i)- ", 1Tg (
)sz1 -L-r--Lrl trr
l-L 11"

keN

)
i.e., flnally,

This concludes these short lecture notes on Markov chains'
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