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Rajasthan Technical University, Kota
STATISTICS & PROBABILITY THEORY
For B.Tech. 4th Sem. (CS/IT)

Introduction & Discrete random variables Sample space, events, algebra of

events, Bernoulli’s trials, Probability & Baye’s theorem. Random variable &

their event space, probability generating function, expectations, moments,

computations of mean time to failure, Bernoulli & Poisson processes.

Discrete & continuous distributions Probability distribution & p obability

densities: Binomial, Poisson, normal ré‘éﬁiﬁéuﬁi’”ﬂéﬁaﬂé;pzonential distribution
& their PDF’s, moments and MGF’s for above distributions.

Correlation & Regression Correlation & regression: Linear regression, Rank
correlation, Method of least squares Fitting of straight lines & second degree
parabola. Normal regression and correlation analysis.

Queuing Theory Pure birth, pure death and birth-death processes. Mathematical
models for M/M/1, M/M/N, M/M/S and M/M/S/N queues.

Discrete Parameter mark on chains: M/G/I Queuing model, Discrete
parameter birth-death process.

-

DEEMShESAUBindele
: E.t: FERERD.

= LA % £ e lr

1:5';?2. ;r}':""@i e S.Cf Engineering

B [CE)astiTtional Mrea

! Sirwrell




Poornima College of Engineering, Jaipur

Department of Computer Engineering

Vision
Evolve as a centre of excellence with wider recognition and to adapt

the rapid innovation in Computer Engineering

Mission

e To provide a learning-centered environment that will enable
students and faculty members to achieve their goals empowering
them to compete globally for the most desirable careers in

academia and industry

* To contribute significantly to the research and the discovery of
new arenas ol knowledge and methods in the rapid developing
tield of Computer Engineering

e To support society through participation and transfer of

advanced technology from one sector to another
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Poornima College of Engineering, Jaipur
Department of Computer Engineering

Prosram Educational Objectives (PEQOs)

Graduates will work productively as skillful engineers playing the leading roles in multifaceted

“teams.

Graduates will identify the solutions for challenging issues inspiring the upcoming generations
leading them towards innovative, creative, and sophisticated technologies.
Graduates will implement their pioneering ideas practically to create novel products and the

feasible solutions of research oriented problems

Program Outcomes (POs)

An ability to apply the knowledge of mathematics, science, engineering fundamentals, algorithmic
principles and computing for the solution of complex engineering problems.

An ability to design and conduct experiments, analyze and interpret data finding the computing
requirements with appropriate solutions.

An ability to design a computer based system, component, or process to meet the desired needs
within realistic constraints such as economic, environmental, social, political, ethical, health,
safetv, manufacturability and sustainability etc.

An ability to function effectively in multidisciplinary teams,

An ability to identify, formulate, and solve engineering problems by applying the appropriate
computing techniques, progressive resources and modern IT tools with an understanding of the
limitations.

Au understanding of professional, ethical, security, legal, social issues and responsibilities towards
these. ’

An ability to communicate effectively on complex engineering activities with the engineering
community and the society.

The widen education necessary to understand and analyze the impact of computing and
engineering solutions in a global, economic, environmental and societal context.

Recognition of the need with an engagement in lifelong learning in the context of technological
change.

Knowledge of contemporary issues.

An ability to use the techniques, skills, and modern engineering tools necessary for computing and
engineering practice.

An ability to contribute in the fruitful working as an efficient member of a team in
multidisciplinary environments with a concern of engineering and management principles.
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TEACHING & LEARNING

Teaching learning process consists of four basic elements:

(a)Assessment: Conducting OBT, Assignments, tutorials, class
test.

(b) Planning: Prepare the deployment, lecturer notes with the
help of reference books and last year question papers. Also plan
the SPL, PPT and Important question banks.

(c)Implementation: Through lecturer class, tutorials and extra
1ecturer$.

(d) Evaluation: Two mid Term test and RTU Examination.

It is method for monitoring and judging the overall quality of

learning or teaching based on objective, data and scientific criteria.
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Poornima College of Engineering, Jaipur

Department of Computer Engineering
Session 2016-17(Even Semester)
RTU Syllabus - ABC Analysis

Sub Code: 4CS03
Sub Name: Statistics and probability Theory

Unit No. A B C
Introductior.l & Discrete Random variable & their event
rangdom variables space, probability generating
Sample space, events, finafion, Bernoulli & Poisson
1 algebra of events, Processes.
Bernoulli’s trials, expectations, moments,
Probability & Baye’s computations of mean time to
PhaaTens failure,
Probability distribution &
probability densities:
Binomial, Poisson, normal
R rectangular and
\ exponential distribution &
« their PDF’s, moments and
MGF’s for
above distributions.
Correlation & Regression
Correlation & regression: Linear
regression, Rank
correlation, Method of least squares
3 Fitting of straight lines & second
degree
parabola. Normal regression and
correlation analysis.
( Queuing Theory
“ Pure birth, pure death and birth-
= death processes. Mathematical
# models for M/M/1,
M/M/N, M/M/S and M/M/S/N
queues.
Discrete Parameter mark
on chains:
5 M/G/1 Queuing model,

Discrete parameter birth-
death process.

A —Difficult B - Average C - Easy
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POORNIMA

COLLEGE OF ENGINEERING

Calendar for Even Semester (2017-2018)
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Sun |Mon|Tue |Wed| Thu| Fri | Sat Sun {Mon|Tue |Wed| Thu| Fri [Sat |/~ |Sun |Mon|Tue |Wed| Thu| Fri |Sat
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1|2 B 45 6 | 7 (L N N 1] 2
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Note: - Please do the needful.

1) Indicate/Underline the Mid-Term Exams dates as per Academic Calendar (AC).
N 2) Encircle the holidays as per AC.
3) Calculate the number of days available for actual conduction of classes as per time
\ table provided by HOD.
4) 1If you are pursuing higher studies please plan for replacement of classes.
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Note: - Please do the needful.
1) Indicate/Underline the Mid-Term Exams dates as per Academic Calendar (AC).
2) Encircle the holidays as per AC.
‘ 3) Calculate the number of days available for actual conduction of classes as per time
N 5 . p
- table provided by HOD.
4) If you are pursuing higher studies please plan for replacement of classes.
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Note: - Please do the needful.

1) Indicate/Underline the Mid-Term Exams dates as per Academic Calendar (AC).

2) Encircle the holidays as per AC.

3) Calculate the number of days available for actual conduction of classes as per time
table provided by HOD.

4) If you are pursuing higher studies please plan for replacement of classes.
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COLLEGE OF ENGINEERING

BLOWN UP SYLLABUS

Campus: PCE Course: B.tech. Class/Section: II Yr Date:03/01/2018

Name of Faculty: Dr. Shilpi Jain

Name of Subject: SPT Code: 4CS03

.

.No.

Topic as per Syllabus

BLOWN UP TOPICS (Up to 10 TIMES
SYLLABUS)

1.1

1.2

1.4

1.5

UNIT 1:
DISCRETE RANDOM VARIABLES
Sample space

Events &Algebra of Events

Baye’s Theorem

Random Variables

Mathematical Expectation

1.1.1 Introduction to Probability
1.1.2 Deterministic Experiments

1.1.3 Random Experiments

1.1.4 Trial

1.1.5 Definition o f Sample space

1.2.1.exhaustive events

1.2.2 Mutually exhaustive events

1.2.3 Union intersection & complement of events
1.2.4 laws of events

1.2.5 Probability

1.2.6 Conditional Probability

1.3.1 Theorem o f Total Probability
1.3.2 Statement & proof of Baye’s Theorem

1.4.1 Introduction

1.4.2 Definition

1.4.2 probability Mass Function

1.4.3 Discrete & Continuous random variables
1.4.4 Probability generating Function

1.4.5 Bivariate Random Variables

1.5.1 Moments _
1.5.2 Mathematical Expectation N -

i anl
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1.6

1.7

21

2.2

2.3

2.4

Bernoulli Process

Poisson process

UNIT 2:

DISCRETE & CONTINUOUS
DISTRIBUTIONS

Binomial Distribution

Poisson Distribution

Normal Distribution

Rectangular Distribution

Exponential distribution

1.6.1 introduction

1.6.2 Definition o f random process
1.6.3 classification of random process
1.6.4 Markov process

1.6.6 Mean

1.6.7 Variance

1.7.1 concept
1.7.2 Poisson counting process
1.7.3 Homogenous Poisson process

1.7.4 Inter arrival time of Poisson process

2.1.1 Introduction

2.1.2 Definition

2.1.3 p.m.f

2.1.4 mean

2.1.5 Variance

2.1.6 Moment Generating function

2.2.1 Introduction

2.2.2 Definition

223 p.m.f

2.2.4 mean

2.2.5 Variance

2.2.6 Moment Generating function

2.3.1 Introduction

2.3.2 Definition

2.3.3p.d.f

2.3.4 mean

2.3.5 Variance

2.3.6. Moment Generating function

2.4.1 Introduction

2.4.2 Definition

243 p.d.f

2.4.4 mean

2.4..5 Variance

2.4.6. Moment Generating function

2 5.1 Introduction
2.5.2 Definition
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4.1

4.2

UNIT 3:
CORRELATION & REGRESSION
Linear regression

Method of least square

Normal regression analysis
Normal Correlation analysis

UNIT 4:

QUEUEING THEORY

Pure Birth, Pure Death & Birth- Death
Process

Mathematical Queueing
Models(Model-I)

Queueing Model 11
(M/M/I:N/FIFO)

2.53 p.d.f

2.5.4 mean

2.5..5 Variance

2.5.6. Moment Generating function

3.1.1 Introduction
3.1.2 Definition
3.1.3 Regression Equation & Some Theorems

3.2.1 Concept of Method
3.2.2 Fitting a Straight line & Parabola

3.3.1 Concept & Derivation

3.4.1 Concept & Derivation

4.1.1 Introduction

4.1.2 Queueing system

4.1.3 FIFO & LIFO

4.1.4 Probability distribution of arrival

4.1.5 Probability distribution of Waiting time
4.1.6 Birth Death Process (concept)

4.1.7 Differential-difference equation for Birth Death
process

4.1.8 Steady state solution of Birth Death process
4.1.9 Pure Birth Process

4.1.10 Pure Death Process

4.1.11 Solution of Differential-difference
equations

4.2.1 Concept & Basic Definition

4.2.2 Model I ( M/M/I:8/FIFO)

4.2.3 Service time Distribution

4.2.4 pdf for waiting time in the system

4.2.5 pdf for waiting time in the queue

4.2.6 Average number of Customers in the System
4.2.7 Average waiting time of a customer in the
system

4.2.9 Little Formula

-

) L
4.3.1 Concept & Basic Definitio . p;; ﬁ L ——
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4.4

4.5

Al

Queueing Model 111
(M/M/S: « /FIFO)

Queueing Model IV
(M/M/S: K /FIFO)

UNIT 5:

DISCRETE PARAMETER
MARKOV CHAIN

M/G/I Queueing Model

Discrete Parameter Birth- Death Process

4.3.3 pdf for waiting time in the system

4.3.4 pdf for waiting time in the queue

4.3.5 Average number of Customers in the System
4.3.6 Average waiting time of a customer in the
system

4.4.1 Concept

4.4.2 Average number of Customers in the queue
4.4.3 Average number of Customers in the System
4.4.4 Average waiting time of a customer in the system

4.5.1 State -Transition diagram

4.5.2 Steady state Probability

4.5.3 Average number of Customers in the queue

4.5.3 Average number of Customers in the System
4.5.4 Average waiting time of a customer in the
system

5.1.1 Introduction

5.1.2 Definition

5.1.3 Markov Chain

5.1.4 Transition probability

5.1.5 Order of Markov Chain

5.1.6 Expected number o f customer in the system
5.1.7 Average time taken in the system

5.1.8 Average number of Customers in the queue
5.1.9 Average time taken in the queue

5.2.1 Steady State Probabilities
5.2.2 Questions
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SYLLABUS DEPLOYMENT

COLLEGE OF ENGINEERING

“ampus: PCE Course: B.Tech.

V:\.e of Faculty: Dr. Shilpi Jain

Class/Section: I Yr

Name of Subject: SPT

Date: 03/01/2018

Code: 4CS03A (B)

No.

Topic As Per Blownup Syllabus

Lect.
No.

Pla‘nn
ed
Date

Actual
Del.
Date

- Ref. /
Text
Book
With
Page

No.

Reason
For
Deviation

1.1

12

Zero Lecture

UNIT 1:

DISCRETE RANDOM
VARIABLES

Introduction of Lecture
1.1.1Introduction to probability
1.1.2 Deterministic experiments

"7 1.1.3 Random Experiments

1.1.4 Trial

1.1.5Definition of sample space
1.1.6 exhaustive events

1.1.7 Mutually exhaustive events

Conclusion of Lecture

Introduction of Lecture

1.2.1 Union intersection & complement of events

1.2.2 laws o fevents
1.2.3 Probability
1.2.4 Conditional Probability

LO
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L2
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1.4

15

1.6

1.7

1.8

1.9

| Conclusion of Lecture

Introduction of Lecture

1.3.1 Theorem of Total probability

1.3.2 Statement & proof of Baye’s Theorem
Conclusion of Lecture

Introduction of Lecture

1.4.1 Introduction

1.4.2 Definition

1.4.3 probability Mass Function

1.4.4 Discrete & continuous random variables
Conclusion of Lecture

Introduction of Lecture

1.5.1 Probability generating Function
1.5.2 Bivariate Random variables
Conclusion of Lecture

Introduction of Lecture

1.6.1 Moments

1.6.2 Mathematical Expectation

1.6.3 Computation of Mean time to Failure
Conclusion of Lecture

Introduction of Lecture

1.7.1 Introduction

1.7.2 Definition of random process
1.7.3 classification of random process
Conclusion of Lecture

Introduction of Lecture
1.8.1 Markov process
1.8.2 Mean

1.8.3 Variance
Conclusion of Lecture

Introduction of Lecture
1.9.1 Concept
1.9.2 Poisson counting process

L5

L6

L7

L8

L9

L6
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1.2

1.9.3 Homogenous Poisson process
1.9.4 Inter arrival time of Poisson process
Conclusion of Lecture

Introduction of Lecture

1.10.1 Probability Related Question
Conclusion of Lecture

** Class Test/Special lecture/OBT/Quiz

UNIT 2:
DISCRETE & CONTINUOUS DISTRIBUTION

| Introduction of Lecture

Binomial Distribution

2.1.1 Introduction

2.1.2 Definition

2.1.3 p.m.f

2.1.4 mean

2.1.5 Variance

2.1.6 Moment Generating function
Conclusion of Lecture

Introduction of Lecture
2.2.1 Poisson Distribution
2.2.2 Definition

223 p.m.f.

2.2.4 mean

Conclusion of Lecture

Introduction of Lecture

Poisson Distribution

2.3.1 Variance

2.3.2 Moment Generating function
Conclusion of Lecture

Introduction of Lecture
Normal Distribution
2.4.1 introduction

2.4.2 Definition

243 pd.f

2.4.4 mean

L10

L11

L2

L13

24|,

21
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2.6

2.7

2.8

(O]
-

Conclusion of Lecture

Introduction of Lecture

Normal Distribution

2.5.1 Variance

2.5.2 Moment Generating function
Conclusion of Lecture

Introduction of Lecture
Rectangular Distribution
2.6.1 Introduction

2.6.2 Definition

2.6.3 pd.f

2.6.4 mean

2.6..5 Variance
Conclusion of Lecture

Introduction of Lecture
Rectangular Distribution

2.7.1 Moment Generating function
2.7.2 Related Question
Conclusion of Lecture

Introduction of Lecture
Exponential distribution

2 .8.1 Introduction

2.8.2 Definition

2.8 pdt

2.8.4 mean

2.8..5 Variance

2.8.6. Moment Generating function
Conclusion of Lecture

** Class Test/Special lecture/OBT/Quiz

UNIT-3:

CORRELATION & REGRESSION
Introduction of Lecture

Correlation

3.1.1 Introduction

L15

L16

L17

L18

L19

L20

|2

lo| 1
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3 1.2 Karl Pearson Coetficient
1.3

Rank Correlation

.2 | Introduction of Lecture

3.2.1 Curve Fitting

3.2.2 Concept of Method (Least Square Method)
3.2.3 Fitting a Straight line

Conclusion of Lecture

3.3 | Introduction of Lecture
3.3.1 Fitting of a Parabola
3.3.2 Related Question

3.3.3 Fitting of Other Curves

Conclusion of Lecture

3.4 | Introduction of Lecture

Regression

3.4.1 Linear regression

3.4.2 Introduction

3.4.3 Definition

3.4.4Regression Equation & Some Theorems
Conclusion of Lecture

3.5 Introduction of Lecture
3.5.1 Standard Error of Estimate or Residual
Variance

(  3.5.2 Coefficient of Determination
k‘ 3.5.3 Normal Correlation Analysis
Conclusion of Lecture

3.6 | Introduction of Lecture

3.6.1 Normal Regression Analysis
3.6.2 Related Question

Conclusion of Lecture

** Class Test/Special lecture/OBT/Quiz
Kouusion -

UNIT 4:
LQUEUEING THEORY

I

L21

L22

L24

L25

R)
Rz
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24 v | 20]2
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4.4

4.7

4.8

Introduction of Lecture

4.1.1 Introduction

4.1.2 Queueing system

4.1.3 FIFO & LIFO

4.1.4 Probability distribution of arrival Conclusion
of Lecture

Introduction of Lecture

4.2.1 Probability distribution of Waiting time
4.2.2 Birth Death Process (Concept)

4.2.3 Notations

Conclusion of Lecture

Introduction of Lecture

4.3.1 Pure Birth Process

4.3.2 Markovian property of Inter arrival time
Conclusion of Lecture

Introduction of Lecture
4.4.1 Pure Death Process
Conclusion of Lecture

Introduction of Lecture
4.5.1 Birth & Death Process
4.5.2 Kendall’s Notation
Conclusion of Lecture

Introduction of Lecture

4.6.1 Queueing Model 1 (M/M/1:0/FIFO)
4.6.2 Service time Distribution
Conclusion of Lecture

Introduction of Lecture
Related Problem to Model -1

Conclusion of Lecture

** Class Test/Special lecture/OBT/Quiz

Introduction of Lecture
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L9

10

w11

5.1

5.2

1 Queucing model 1T (M/M/IN/FIFO) |

Conclusion of Lecture

Introduction of Lecture
Related Problem to Model II
Conchusion of Lecture

Introduction of Lecture
Queueing Model 111
Generalisation of Model I (M/M/1:0/FCFS)

Conclusion of Lecture

Introduction of Lecture
Queueing Model 1V
(M/M/s:0/FCFS)
Conclusion of Lecture

Introduction of Lecture
Queueing Model V
(M/M/s:N/FCFS)
Conclusion of Lecture

** Class Test/Special lecture/OBT/Quiz

UNIT-5:

DISCRETE PARAMETER
MARKOV CHAIN
Introduction of Lecture
5.1.1 Introduction

5.1.2 Definition

5.1.3 Markov Chain

5.1.4 Transition Probability
Conclusion of Lecture

PPT

Introduction of Lecture
5.2.1 Steady State Distribution
Conclusion of Lecture
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Introduction of Lecture L43 9 , Y
5.2.2 Chap Man Kolmogorov Theorem
Conclusion of Lecture
5.3 | Introduction of Lecture
5.3.1 Classification of States of Markov Chain L44 ’o}‘i
5.3.2 Related Question
Conclusion of Lecture
5.4 | Introduction of Lecture L45 Al ,‘j
5.4.1 Queueing Model (M/G/1:0/GD)
Conclusion of Lecture
\\ ) Y
5 Introduction of Lecture L46,L “f}q/
5.5.1 Discrete Parameter Birth Death Process 47 i’)’ f
Conclusion of Lecture
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1.1

1.2

Zero Lecture

UNIT 1:

DISCRETE RANDOM
VARIABLES
Introduction of Lecture

‘1.1.1Introduction to probability

1.1.2 Deterministic experiments
1.1.3 Random Experiments

1.1.4 Trial

1.1.5Definition of sample space
1.1.6 exhaustive events

1.1.7 Mutually exhaustive events

Conclusion of Lecture

Introduction of Lecture

1.2.1 Union intersection & complement of events
1.2.2 laws o f events

1.2.3 Probability

1.2.4 Conditional Probability
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1.5

1.6

1.7

1.8

1.9

Conclusion of Lecture

Introduction of Lecture

1.3.1 Theorem of Total probability

1.3.2 Statement & proof of Baye’s Theorem
Conclusion of Lecture

Introduction of Lecture

1.4.1 Introduction

1.4.2 Definition

1.4.3 probability Mass Function

1.4.4 Discrete & continuous random variables
Conclusion of Lecture

Introduction of Lecture

1.5.1 Probability generating Function
1.5.2 Bivariate Random variables
Conclusion of Lecture

Introduction of Lecture

1.6.1 Moments

1.6.2 Mathematical Expectation

1.6.3 Computation of Mean time to Failure
Conclusion of Lecture

Introduction of Lecture

1.7.1 Introduction

1.7.2 Definition of random process
1.7.3 classification of random process
Conclusion of Lecture

Introduction of Lecture
1.8.1 Markov process
1.8.2 Mean

1.8.3 Variance
Conclusion of Lecture

Introduction of Lecture
1.9.1 Concept
1.9.2 Poisson counting process

L4
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L7

L8

L9

19

2|}

W)

1))

17

16 ])

]

14])

Y L
;'l. ]

i L B
Dr. Ma hesh Bundele
: . E.l:.,ME., PhD
- ) Director
sornima Collage of Engineer
13-, f HCQ Institutional Area
Wapura, Jairuml




10

1.9.3 Homogenous Poisson process
1.9.4 Inter arrival time of Poisson process
Conclusion of Lecture

Introduction of Lecture

1.10.1 Probability Related Question
Conclusion of Lecture

** Class Test/Special lecture/OBT/Quiz

UNIT 2:

DISCRETE & CONTINUOUS DISTRIBUTION
Introduction of Lecture
Binomial Distribution

2.1.1 Introduction

2.1.2 Definition

2.1.3 p.m.f

2.1.4 mean

2.1.5 Variance .
2.1.6 Moment Generating function
Conclusion of Lecture

Introduction of Lecture
2.2.1 Poisson Distribution
2.2.2 Definition

2.2.3 p.m.f.

2.2.4 mean

Conclusion of Lecture

Introduction of Lecture

Poisson Distribution

2.3.1 Variance

2.3.2 Moment Generating function
Conclusion of Lecture

Introduction of Lecture
Normal Distribution
2.4.1 introduction

2.4.2 Definition

243 pd.f -

2.4.4 mean
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L14
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2.6

27

2.8
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Conclusion of Lecture

Introduction of Lecture

Normal Distribution

2.5.1 Variance

2.5.2 Moment Generating function
Conclusion of Lecture

Introduction of Lecture
Rectangular Distribution
2.6.1 Introduction

2.6.2 Definition

263 p.d.f

2.6.4 mean

2.6..5 Variance
Conclusion of Lecture

Introduction of Lecture
Rectangular Distribution

2.7.1 Moment Generating function
2.7.2 Related Question
Conclusion of Lecture

Introduction of Lecture
Exponential distribution

2 .8.1 Introduction

2.8.2 Definition

2.8.3 p.d.f

2.8.4 mean

2.8..5 Variance

2.8.6. Moment Generating function
Conclusion of Lecture

** Class Test/Special lecture/OBT/Quiz

UNIT-3:

CORRELATION & REGRESSION
Introduction of Lecture

Correlation

3.1.1 Introduction
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3.6

J Lo

1.2 Karl Pearson Coefficient
3.1.3 Rank Correlation
Conclusion of Lecture

Introduction of Lecture

3.2.1 Curve Fitting

3.2.2 Concept of Method (Least Square Meth
3.2.3 Fitting a Straight line

Conclusion of Lecture

Introduction of Lecture
3.3.1 Fitting of a Parabola
3.3.2 Related Question

3.3.3 Fitting of Other Curves
Conclusion of Lecture

Introduction of Lecture

Regression

3.4.1 Linear regression

3.4.2 Introduction

3.4.3 Definition

3.4.4Regression Equation & Some Theorems

Conclusion of Lecture

Introduction of Lecture

3.5.1 Standard Error of Estimate or Residual
Variance

3.5.2 CoefTicient of Determination

3.5.3 Normal Correlation Analysis
Conclusion of Lecture

Introduction of Lecture

3.6.1 Normal Regression Analysis
3.6.2 Related Question
Conclusion of Lecture

** Class Test/Special lecture/OBT/Quiz
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4.2

4.4

4.5

4.7

4.8

Introduction of Lecture

4.1.1 Introduction

4.1.2 Queueing system

4.1.3 FIFO & LIFO

4.1.4 Probability distribution of arrival Conclusion
of Lecture

Introduction of Lecture

4.2.1 Probability distribution of Waiting time
4.2.2 Birth Death Process (Concept)

4 2.3 Notations

Conclusion of Lecture

Introduction of Lecture

4 3.1 Pure Birth Process

4.3.2 Markovian property of Inter arrival time
Conclusion of Lecture

Introduction of Lecture
4.4.1 Pure Death Process
Conclusion of Lecture

Introduction of Lecture
4.5.1 Birth & Death Process
4.5.2 Kendall’s Notation
Conclusion of Lecture

Introduction of Lecture

4.6.1 Queueing Model 1 (M/M/1:00/FIFO)
4.6.2 Service time Distribution
Conclusion of Lecture

Introduction of Lecture
Related Problem to Model -1

Conclusion of Lecture

** Class Test/Special lecture/OBT/Quiz

Introduction of Lecture
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| Conclusion of Lecture

19 |
5) Introduction of Lecture
Related Problem to Model I
Conchusion of Lecture
10

Introduction of Lecture
Queueing Model 111
Generalisation of Model T (M/M/1 :00/FCFS)

\ Conclusion of Lecture
1|

Introduction of Lecture
Queueing Model IV
(M/M/s:0/FCFS)
Conclusion of Lecture

N~

Introduction of Lecture
Queueing Model V
(M/M/s:N/FCFS)
Conclusion of Lecture

** Class Test/Special lecture/OBT/Quiz

UNIT-5:

DISCRETE PARAMETER
MARKOV CHAIN

_, Introduction of Lecture
5.1.1 Introduction

5.1.2 Definition

5.1.3 Markov Chain

5.1.4 Transition Probability
Conclusion of Lecture

5.1

59 PPT

Introduction of Lecture
5.2.1 Steady State Distribution
Conclusion of Lecture
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| 7i§r0ducti0n of Lecture L43 ‘ll\r
5.2.2 Chap Man Kolmogorov Theorem
Conclusion of Lecture
3.3 Introduction of Lecture ‘ ;
5.3.1 Classification of States of Markov Chain 44 éh
5.3.2 Related Question k
Conclusion of Lecture
5.4 | Introduction of Lecture L45 ‘\CW
5.4.1 Queueing Model (M/G/1:00/GD)
Conclusion of Lecture
C| 1]y,
5% | Introduction of Lecture L46,L %]‘1
5.5.1 Discrete Parameter Birth Death Process 47
Conclusion of Lecture
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Lyq |25y
Lo ey
e 27y

A
r | gl
Dr. MaheshPBunde!a
. B.E..ME. PhD.
Poornima (__i";lt:rlac:tor
) Ollage of Engineer
1810, FICO Inetit -
' G stitutional A
Mlapura, JAairures .




SYLLABUS DEPLOYMENT

COLLEGE OF ENGINEERING

Campus: PCE Course: B.Tech. Class/Section: II Yr ~ Date: 03/01/2018

Ni_ e of Faculty: Dr. Shilpi Jain Name of Subject: SPT Code: 4CS03 A

A

Plann | Actual
] Lect.
.No. Topic As Per Blownup Syllabus ed Del.
No.
Date Date

Reason
For
Deviation

Ref. /
Text
Book
With
Page
No.

0 Zero Lecture LO
UNIT 1:

DISCRETE RANDOM
VARIABLES

Introduction of Lecture

1.1 | I.1.1Introduction to probability
1.1.2 Deterministic experiments L1
‘" | 1.1.3 Random Experiments
1.1.4 Trial

1.1.5Definition of sample space
1.1.6 exhaustive events

1.1.7 Mutually exhaustive events
Conclusion of Lecture

1.2 | Introduction of Lecture

1.2.1 Union intersection & complement of events
1.2.2 laws o fevents

1.2.3 Probability

1.2.4 Conditional Probability L2
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1.4

1.6

1.7

1.8

1.9

Conclusion of Lecture

Introduction of Lecture
1.3.1 Theorem of Total probability

1.3.2 Statement & proof of Baye’s Theorem

Conclusion of Lecture

Introduction of Lecture

1.4.1 Introduction

1.4.2 Definition

1.4.3 probability Mass Function

1.4.4 Discrete & continuous random variables

Conclusion of Lecture

Introduction of Lecture

1.5.1 Probability generating Function
1.5.2 Bivariate Random variables
Conclusion of Lecture

Introduction of Lecture

1.6.1 Moments

1.6.2 Mathematical Expectation

1.6.3 Computation of Mean time to Failure
Conclusion of Lecture

Introduction of Lecture

1.7.1 Introduction

1.7.2 Definition of random process
1.7.3 classification of random process
Conclusion of Lecture

Introduction of Lecture
1.8.1 Markov process
1.8.2 Mean

1.8.3 Variance
Conclusion of Lecture

Introduction of Lecture
1.9.1 Concept
1.9.2 Poisson counting process
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1.9.3 Homogenous Poisson process
1.9.4 Inter arrival time of Poisson process
Conclusion of Lecture

Introduction of Lecture

1.10.1 Probability Related Question
Conclusion of Lecture

** Class Test/Special lecture/OBT/Quiz

UNIT 2:

DISCRETE & CONTINUOUS DISTRIBUTION
Introduction of Lecture
Binomial Distribution

2.1.1 Introduction

2.1.2 Definition

2.1.3 p.m.f

2.1.4 mean

2.1.5 Variance

2.1.6 Moment Generating function
Conclusion of Lecture

Introduction of Lecture
2.2.1 Poisson Distribution
2.2.2 Definition

223 p.m.f.

2.2.4 mean

Conclusion of Lecture

Introduction of Lecture

Poisson Distribution

2.3.1 Variance

2.3.2 Moment Generating function
Conclusion of Lecture

Introduction of Lecture
Normal Distribution
2.4.1 introduction

2.4.2 Definition
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2.4.4 mean

L10

L11

L12

L14

A=A

r | —_—
Dr. Ma hesh Bundele
. B.E..ME. PhD.
Poorn] rr;.lu:rac-.tor
wrmma Collage of Enginaer
13i-8, FIcCo r:’:'lsti"'l.l'rlf.‘r'l?'ﬂ Areg
Slapura, dairun




20

)
K|
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Conclusion of Lecture

Introduction of Lecture

Normal Distribution

2.5.1 Variance

2.5.2 Moment Generating function
Conclusion of Lecture

Introduction of Lecture
Rectangular Distribution
2.6.1 Introduction

2.6.2 Definition
2.6.3p.d.f

2.6.4 mean

2.6..5 Variance
Conclusion of Lecture

Introduction of Lecture
Rectangular Distribution

2.7.1 Moment Generating function
2.7.2 Related Question
Conclusion of Lecture

Introduction of Lecture
Exponential distribution

2 .8.1 Introduction

2.8.2 Definition

2.83 p.d.f

2.8.4 mean

2.8..5 Variance ,

2.8.6. Moment Generating function
Conclusion of Lecture

** Class Test/Special lecture/OBT/Quiz

UNIT-3:

CORRELATION & REGRESSION
Introduction of Lecture

Correlation

3.1.1 Introduction
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3.1.2 Karl Pearson Coefficient
3.1.3 Rank Correlation

Conclusion of Lecture

Introduction of Lecture

3.2.1 Curve Fitting

3.2.2 Concept of Method (Least Square Method)
3.2.3 Fitting a Straight line

Conclusion of Lecture

Introduction of Lecture
3.3.1 Fitting of a Parabola
3.3.2 Related Question

3.3.3 Fitting of Other Curves
Conclusion of Lecture

Introduction of Lecture

Regression

3.4.1 Linear regression

3.4.2 Introduction

3.4.3 Definition

3.4.4Regression Equation & Some Theorems
Conclusion of Lecture

Introduction of Lecture

3.5.1 Standard Error of Estimate or Residual
Variance

3.5.2 Coefficient of Determination

3.5.3 Normal Correlation Analysis
Conclusion of Lecture

Introduction of Lecture _
3.6.1 Normal Regression Analysis
3.6.2 Related Question

Conclusion of Lecture

** Class Test/Special lecture/OBT/Quiz
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4.1

4.2

M

4.4

4.7

4.8

Introduction of Lecture

4.1.1 Introduction

4.1.2 Queueing system

4.1.3 FIFO & LIFO

4.1.4 Probability distribution of arrival Conclusion
of Lecture

Introduction of Lecture

4.2.1 Probability distribution of Waiting time
4.2.2 Birth Death Process (Concept)

4.2.3 Notations '

Conclusion of Lecture

Introduction of Lecture

4.3.1 Pure Birth Process

4.3.2 Markovian property of Inter arrival time
Conclusion of Lecture

Introduction of Lecture
4.4.1 Pure Death Process
Conclusion of Lecture

Introduction of Lecture
4.5.1 Birth & Death Process
4.5.2 Kendall’s Notation
Conclusion of Lecture

Introduction of Lecture

4.6.1 Queueing Model [ (M/M/1:0/FIFO)
4.6.2 Service time Distribution
Conclusion of Lecture

Introduction of Lecture
Related Problem to Model -1

Conclusion of Lecture

** Class Test/Special lecture/OBT/Quiz

Introduction of Lecture
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4.9

k10

b1

L7

3.1

Queueing model 11 (M/M/1:N/FIFO)
Conclusion of Lecture

Introduction of Lecture
Related Problem to Model II
Conclusion of Lecture

Introduction of Lecture
Queueing Model 111
Generalisation of Model I (M/M/1:0/FCFS)

Conclusion of Lecture

Introduction of Lecture
Queueing Model IV
(M/M/s:0/FCFS)
Conclusion of Lecture

Introduction of Lecture
Queueing Model V
(M/M/s:N/FCFS)

Conclusion of Lecture

** Class Test/Special lecture/OBT/Quiz

UNIT-5:

DISCRETE PARAMETER
MARKOYV CHAIN
Introduction of Lecture
5.1.1 Introduction

5.1.2 Definition

5.1.3 Markov Chain

5.1.4 Transition Probability
Conclusion of Lecture

PPT

Introduction of Lecture
5.2.1 Steady State Distribution
Conclusion of Lecture
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Introduction of Lecture

5.2.2 Chap Man Kolmogorov Theorem
Conclusion of Lecture

Introduction of Lecture

5.3.1 Classification of States of Markov Chain
5.3.2 Related Question

Conclusion of Lecture

Introduction of Lecture
5.4.1 Queueing Model (M/G/1:00/GD)
Conclusion of Lecture

Introduction of Lecture
5.5.1 Discrete Parameter Birth Death Process
Conclusion of Lecture

** Class Test/Special lecture/OBT/Quiz
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Roil Ne. [Total No. of Pages| 4
e 14162 -
N 4E 416
;@ B.Tech. IV Semester (Main/Back) Examination, June/July - 2015
= Computer Science and Engineering
“odn 4CS3A Statistics and Probability Theory
(Common with IT)
Time : 3 Hours Maximum Marks : 80

Min. Passing Marks : 26

Instructions to Candidates:

\S Attempt any five questions, selecting one question from each unit. All questions
carry equal marks. (Schematic diagrams must be shown wherever necessary.
Any data you feel missing suitably be assumed and stated clearly. Units of
quantities used/calculated must be stated clearly.
Use of following supporting material is permitted during examination.
1. _Normal distribution table.
Jnit-1
1. a) Two computers A and B are to be marketed. A salesman who is assigned the
job of finding customers for them has 60% and 40% chances respectively of
succeeding in case of computers A and B. The two computers can be sold
independently. Given that he was able to sell at least one computer, what is the
probability that computer, A has been sold. (8)
tﬁ b)  There are three boxes containing respectively 1 white, 2 red and 3 black

balls, 2 white, 3 red and | black ball, 3 white, 1 red and 2 black balls. A
box is chosen and from it two balls are drawn at random. They happen
to be one red and one white. find the probabilities that these come from

1) The first box

i)  The second box and

i)  The third box ~ ‘ (8)
8 OR" e g : il

I. @) Thejoint probability mass function of (X,Y) is givenby £, (x. v) k(2543 » )
X :O, 1 .2: ¥ ::} ’2§3 find,
P

S 4167 fors : 1) Wi T ——
4E 4162 /015 (1) Dr. M&Hesh Bundele
: B.E., M.E., Ph.D.
- ) f‘_Diractor
sornima Caollage of Engineer
1318, Fico r;sti’fuﬂrm-‘ul Ar‘eam
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i) The value of constant K.

iy Marginal probability distributionof X and Y

o “
s { Y=¥ 1
mw P75

b) I f(t) be the pdf of a system and h(t) be the hazard rate function of the
system, then using f(t)=12re , find h(t) and MTTF.
¢)  The first four moments of a distribution about the value 5’ of the variabie 2
2,20,40 and 50. Find the mean, variance, f, and /%
Unit - 11
2. a) The probability of a man hitting a target is 1/4. Then find:
)  Ifhe fires 7 times, what is the probability of his hitting the target atie
twice
iy How many times must he fire so that the probability of his hitting the
target at least once is greater than 2/3 (4-+4=8

b) For Poisson distribution find first four moments about origin and hence
first four central moments

OR

2. a) Theaverage monthly sales of 5000 firms are normally distributed. Its mean
and standard deviation are Rs 36000 and Rs 10,000 respectively then find:

o

i)  The number of firms the sales of which are over Rs. 40,000

i)  The number of firms the sales of which are between Rs. 38,500 and

Rs.41000 - (4+4=8)

b) Subway trains from karolbagh to chandani chowk run every half an hour
between midnight and six in the morning what is the probability that a man
entering the station ata random time during this period will have to wait at

least twenty minutes. )
¢) State and derive memory less property of exponential distribution {45

* Unit- I

3. a) Calculate the karl person’s coefficient of correlation between X and y from
the following data:

x: 25 27 30 35 33
y: 19 » 27 28 30 23 28

b) In a partially destroyed laboratory, record of an analysis of correlation data,
the following resuits only are legible: variance of x=9.

Regression equations:  8x-1 0y-+66=0,
40x-18y=214 then find

AL A1ED ) }'., Y L
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iiy The fraction of a day that the phone will be in use

b) A supermarket has two girls serving at the cou
in a Poisson fashion at the rate of 12 per hour.
customer is exponential with mean 6 minut s. Then find:

i)  The probability that an arriving customer has to wait for service

i)  The average number of customers in the system

ii) The average time spent by a customer in the supermarket
Unit-V

5. a) A housewife buys three kinds of food A,B and C. She never buy the same
food on successive weeks. If she buys food A, then the next week she buys
food B. However if she buys B or C. Then the next week she is three times as
likely to buy A as to the other brand. Find the transition probabilit

b) Anautomata car station has one bay where serv ice isdone. The a
1s ‘Pmsmn with 4 cars per h@m and “{M} wait in tm @ &;l ng ‘m% ‘éﬂ {

average number of cars in the station, if service - time sﬁt tribution 1s u

between & and 20 minutes ‘m
OR
§. a) Write a short note on ‘discrete parameter birth - death process (8)
b) Ina heavy machine shop the overhead crane is 1;71,3 75%. Time study

observations gave the average slinging time as 10.5 minutes with a standa
deviation of 8.8 minutes. What is the average calling time for the services of
the crane and what is the average delay in getting s service? I the average

h §

service time is cut to 8 minutes with standard ¢ ;f on of 6 minutes, how
much reduction will occur on average in the delay of getting served? (83
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] Roll No. Total No of Pages:

454162
B. Tech. IV Sem. (Main/Back) Exam., June/July-2014
Computer Science and Engineering
4CS3A Statistics and Probability Theory
Common with IT

4E4162

Maximum Marks: 80

Time: 3 Hours
Min. Passing Marks: 24

Instructions to Candidates:-

-

Aftempt any five questions, selecting one question jrom each unit. All
Questions carry equal marks. Schematic diagrams must be shown
wherever necessary. Any data you feel missing suitably be assumed and

stated clearly.
Units of quantities used/ calculated must be stated clearly.

Use of following supporting material is permitied during examination.

(Mentioned in form No. 205)

UNIT-1

Q.1 (a) Each coefficient in the equation ax® + bx + ¢ = 0 is determined by throwing an
ordinary die. Find the probability that the equation will have real roots. [8]

(b) In a bolt factory, machines A, B and C manufacture respectively 25%, 35% and
40% of the total bolts. Of their output 5%, 4% and 2% are respectively defective
bolts. A bolt is drawn at random from the product, and is found to be defective,

What is the probability that it is manufactured by machine A, B and C? 18]
OR
[4E4162] Page 1 of 4 [12780]
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Given the joint probability density

| 2 ;
‘ {x+21) . D<cx<l. Dcy«l
131 ¥, 3

0 . Otherwise

{5 ‘5\/"} o

L

“iorginal density of X and Y.

¢ onditional density of X given Y =y and use it to evaluate P

|t 11 be the pdf of time to failure T of a system and h(t) be the hazard rate
5 T )
. Find h(t) and MTTF when. f(t) =1 te H 8]

UNIT-TI

900 families with 4 Children each, How many families would be expected
[8]
ys and 2 girls
it least | boy ,
at most and girls. Assume equal probabilities for boys and girls

. Poisson distribution to the following data which gives the number of 1

rs in a sample of clover seeds [8]
R I T T 3 4 5 6 7 8
iders (x)
Observed Uk ,
| o ¢ 56 | 132 92 37 22 4
{requency (1): o i b ’ 0 : \
OR
Find the mean and Variance of Poisson Distribution. [8]

In a normal distribution, 31% of the items are under 45 and 8% are over 64. Find
the parameters of distribution. (Given ¢ (0.50) = 0.19 and ¢ (1.41) = 0.42) [8]

Page 2 of 4 [12780]
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UNIT-111

Q.3 (a) Calculate the karl Pearson’s Coefficient of correlation of the foll g datar 8]

X : 25 27 30 35 33 28 36

Y 19 22 27 28 30 23 28

(b) Show that the angle between the lines of regression is given by: [8]
1-— 7"~ O_x gy
Tan Q=+ Sy 9.
3 ’ ; (\(yx +0 y )
OR
Q.3 (a) Obtain the rank correlation Coefficient for the following data [#]
x: |68 |64 [75 |50 Je4 [80 |75 [40 |55 |64
v |62 58 68 45 81 60 68 48 50 74
(b) Lines 2x+3y = 10 and 4x+5y = 18§ are lines ofl%mssmn between two variables x
and y. Decide whlch one is the line of regression of x on y. Given x =3, {i
and also find mean values of Variables.
UNIT-1V
Q.4 (a) Write short note on Pure Birth death process. I8]
(b) Arrivals at a telephone booth are considered to be Poisson, with ¢ .

of 10 minutes between one arrival and the next, Thf’ length of a phene e;;si

assumed to be distributed exponentially, with mean 3 minutes. Find:

(i)  What is the probability that a person arriving at the booth will have to wait?

(i) What is the average length of queue that form from time to time?

(111) The telephone company will install a second booth when convi '1 ced that an
arrival would have to wait at least 3 minutes for the phone. By how much
must the flow of arrivals be increased in order to justify for a sec ngi booth?

OR
Q.4 (a) If for a period of 2 hours in a day (8-10 AM), trains arrive at the yard (¢ city

of which is 4 trains) in every 20 minutes, but the service time remains 36

minutes. Then calculate for this period: [8]

(1) The probability that the yard is empty.

(it) The average queue length.

[4E4162] Page 3 of 4 112780]
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by A Supermarket has two girls serving at the counters. The Customers arrive in a
Poisson fashion at the rate of 12 per hour. The service time for each customer 1S
exponential with mean 6 minutes. Find:

OE

o

(i) The probability that an arriving customer has to wait for service.

(ii) The average number of customers in the system.

(i11) The average time spent by a customer in the supermarket.

UNIT-V

Q.5 (a) Write short notes on the following: [8]
(i) ~Discrete parameter Markov chain.

(ii) Transition probability Matrix

7/ N
. . : . o s i . - (1 3
(b) Corresponding to a Markov chain, the initial provability matrnx plo) = M{}
. ey . ALy 2000
and transition probability matrix (tpm) 18 P = Pi /3 //z 3 where A and B
53 S/ /|
L 12 1/2 J

denote the two states of the process. Find:

(i)  The probability of reaching state A after two steps PA(2).

(1) * The probability of state B after two steps.

(i) [t;] matrix when n — o 18]

OR

Q.5 (a) Describe briefly the (M/G/1) : (0/GD) queuing system analysing the steady State
solution. (8]

(by In a heavy machine shop, the overhead crane is 75% utilized. Time study
ohservations gave the average slinging time as 10.5 minutes with a standard L
deviation of 8.8 minutes. What is the average calling time for the service of the
crane and what is the average delay in getting service? :
If the average service time is cut to 8§ minutes, with standard deviation of 6.0

minutes, how much reduction will occur on an average in the delay of getting
served? 18]

[47.4162] Page 4 of 4 [12780]
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Roll No. Total No. of Pages :E
{g 4E4162
; B. Tech. IV-Sem. (Main & Back) Exam; April-May 2017
€3 Computer Sci. & Engg.
b 4CS3A Statistics & Probability Theory
CS, IT
Time : 3 Hours Maximum Marks : 8

Min. Passing Marks : 2

Instructions to Candidates :-

Attempt any five questions, selecting one question from each unit. All Question.
carry equal marks. Schematic diagrams must be shown wherever necessary. An
data you feel missing suitably be assumed and stated clearly.

Units of quantities used / calculated must be stated clearly.

Use of following supporting materials is permitted during examination.
(Mentioned in form No. 205)

1. Normal distribution - Table 2. NIL
UNIT - 1
1 (a) The probability that a teacher will give an unannounced test during any
class meeting is 1/5. If a student is absent twice, what is the probability
that he will miss at least one test ?
5 e
(b) The first four moments of a distribution about the value 5 of the variate
are 2, 20, 40 and 50. Also find mean and variance of the distribution
&
- OR
4E4162 1 1 [ P.T.O.
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I (a) Two random variables X and Y have the following joint probability densi

function

. [2-x-y, 0<x<10<y<]
f(&y):{o ‘ |

, otherwise

Find

(i) Margizlal probability density functions of x and y

(i) Conditional density functions

(i) Var (X) and Var (Y)

(b) If the life time of a component has probability density function )M ,1>0
Compute its time to failure and variance.
Also define the mean time to failure in terms of the reliability function |

¢

UNIT - 11

¢ (a) Determine the mean and variance of binomial distribution. Also define

moment generating function of binomial distribution.

8

4E4162 | 2 [ PTO.
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(b)

2 (a)
(b)
4E4162 |

A driver has two taxies, which he hires out day by day. The number of
demands for a taxi on each day is distributed as a Poisson variate with

mean 1.5, Calculate -the proportion of days on which
(1) neither of the cars is used

(i) some demand is refused (Given e-15 = 0.2231).

OR

As a result of tests on 20,000 electric bulbs manufactured by a company
it was found that the life time of the bulb was normally distributed with
an average life of 2040 hours and standard deviation of 60 hours. On the
basis of the information esmmatc the number of the bulbs that is expected

to bum for (i) more than 2150 hours (i) less than 1960 hours.

8

Define exponential distribution . Show that for the exponential distribution
X
given by dp=ge ¢ O0<x<w, c>0 3 being a constant, the mean and

the standard deviation are each equal to C.

3 | [ P.T.O.
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UNIT - 11

3 (a) Calculate the coefficient of correlation between x and y using the following

data :

LTS W I W AR

yr 9.8 10 1211 13 14 16 ‘15

8
(b) Calculate rank correlation coefficient for the following data :
x: 81 78 73 73 69 68 62 58 -
y: 10 12 18 18 18 22 20 24
8
‘OR
3 (a) Write a short note on linear regression and obtain the regression line of
'y on X.
4+4=8
(b) Fit a second degree parabola to the following data : U
x: 01 2 3 4
yi 1810 22 38
8
4E4162 | 4 | [ PT.O.
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UNIT - 1V

4 (a) On a telephone booth, arrivals of customers follow the Poisson proce:
with an average time of 10 minutes between one arrival and next arriva
The length of a phone call is assumed to be distributed e‘{ponentlally wit

“3.

mean 3 minutes.
(1) Find the average number of persons waiting in the system.

(i) What is probability that a customer spends more than 10 minute
m the booth ?

(iit) Find the fraction of a day when the phone will be used.

(b) Assume that the trucks with goods are coming in a market yard at th
rate of 30 trucks per day and suppose that the inter-arrival times follov
an exponential distribution. The time to unload the trucks is assumed t
be exponential with an average of 42 minutes. If the market yard can admi
10 trucks at a time, calculate P (the yard is empty) and find the averag
length of queue.

OR

4 (a) Patients arrive at a clinic according to Poisson distribution at a rate of
30 patients per hour. The waiting room cannot accommodate more than
14 patients. Examination time per patient is exponential with mean rate
of 20 per hour.
(1) Find the effective arrival rate at the clinic.
(i) What is the probability that an arrival patient will not wait 9
(iif) What is the expected waiting time until a patient is discharged from

the clinic ? |

4E4162 | 5 [ P.T.O.

=a“‘, “

Dr. l"..r"ahes;h Bund&'ﬂ
B.E., ME., Ph.D.

i rlau:-.tor
F‘r:iﬁrmrrl.a Cuollage of Engineer
181-0, FUICO Institutionai Area

th.-|_L.|'l'..1 JIRITUIE




(b) A super market has two girls serving at the counters. The customers arrive
in a Poisson fashion at the rate of 12 per hour. The service time for each

customer is exponential with mean 6 minutes. Find :
(i) the probability that an arriving customer has to wait for service.
(i) the average number of customers in the system.

(iii) the average time spent by a customer in the super market.

8
UNIT - V A
S
5 {(a) Write a short note on discréte parameter Markov chain.
8
{(b) Two brands A and B of a product have probabilities 30% and 70%
07 03

respectively at time t = 0, if their transition matrix P be LO 5 o SJ’ find

their probabilities

(1) after time t =

i
[y
<

[S9]

(i) after time t =

(1ii) their steady state probabilities.

OR

4E4162 | 6 . [ PT.O.
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(b)

4E4162 |

Automata car wash facility operates with only one bay. Cars arrive
according to Poisson distribution, with a mean of 4 cars per hour and

may wait in the facilities parking lot if the bay is busy. Find the time

spent by a car in the system and in the waiting if

(1) the time for washing and cleamng a car is exponential with a mean

of 10 minutes

(i) the time of washing and cleaning a car is constant and is equal to
10 minutes. Which facility is better ?

8

Write a short note on M/G/1 queuing model.
8
7 [ 9500 ]
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1 Discrete-time Markov chains

1.1 Basic definitions and Chapman-Kolmogorov equation

{Very) short reminder on conditional probability. Let 1, B. (" be events.

(well defined only if F(B) > ()

! = BA|BNC) - BB|C)

but watch out that

each random variable X, takes values in a discrete set 5 (5 = N, typically) and

Definition 1.1. A Markov chain 1s a discrete-time stochastic process (X,.. n > 0) such that

PXpsr =J | Xa =0 X,y =1 W XNg =) = PN, =X, =)

gl L

Yr>209.4idp1. ..ig €5
That is, as time goes by, the process loses the memory of the past.

If moreover F(X,o1 = jlX. = i} = py; is independent of n, then X is said to be a time-
‘ Ji ! Hij ~,
homogeneous Markov chain. We will focus on such chains during the course.

Terminology.

* The possible values taken by the random variables X, are called the stares of the chain. S is
called the state space.

* The chain is said to be finite-state if the set S'is finite (S = {0, .. | V1. typically).

¥ P = {pi;)i jes 18 called the transition matrix of the chain.

Properties of the transition matrix.

*p; 2 OViLjES.
. jes iy =LY € S

[t1s always possible to represent a time-homogeneous Markov chain by a transition graph.

*Eﬁ\ --‘:-.., J—
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Example 1.2. (music festival)

The four possible states of a student in a music festival are S = { “dancing”, “at a concert”,
“at the bar”, “back home”}. Let us assume that the student changes state during the festival
according to the following transition matrix:

0o 0 1 0
1/2 0 1/2 0
1/4 1/4 1/4 1/4
o 0 0 1

P=

This Markov chain can be represented by the following transition graph:

1/4

; I N el
: s/ | | TN
. ,

Example 1.3. (simple symmetric random walk)
Let (X,,,n > 1) be i.i.d. random variables such that P(X, = +1) = P(X, = —1) = 1, and let
(Sp,n > 0) be defined as Sy = 0,8, = X1 + ... + Xp,n 2 L. Then (S, n € N) a Markov
chain with state space S = Z. Indeed:
IP('Svn—i-l = ]lSn = i, Sn—l = in—la ceey SO == ZO)
= ]P(X'IH—1 = ] - i‘Sn = Z'; Sn—l = 7;'rL—la sy SO = 7/0) = ]P(Xn+1 = ] - l)
by the assumption that the variables X, are independent. The chain is moreover time-homogeneous,
as
Loiflj—a =1
P(Xpp1 =7 —1) =12
(Ko =3 =1) {0 otherwise

does not depend on n.

Here is the transition graph of the chain:

12 1/2 1/2 1/2 12 12
1/2 1/2 1/2 1/2 1/2 1/2
5 )
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The distribution at time n of the Markov chain X is given by:
W =P(X,=1i), €S

We know that 7' > 0 for all i € S and that 3=, g ™ =1

The initial distribution of the chain is given by

7O =P(X,=1i), i€S

(2

It must be specified together with the transition matrix P = (p;;), ¢, j € S in order to character-
ize the chain completely. Indeed, by repeatedly using the Markov property, we obtain:

P(Xn = 7"na*Xrn—l = in—l; ---7X1 = il;XO = 7,0)
= P(Xp = in|Xn-1 = n-1, .., X1 = 11, Xo = ip) - P(Xn-1 = -1, X1 = i1, Xo = i)
= pin—l,in P(X’n/—'l = in—l, ooy Xl = 'l’l, .XO == 'Lo)

(0)

= ... = Dip_1,in Pin_oyin-1 " Pir,ia Pinsir Tig

so knowing P and knowing 7 allows to compute all the above probabilities, which give a —
compete description of the process.

The n-step transition probabilities of the chain are given by
p = P(Xinn = j|1Xm=1), n,m20, 4j€S
Let us compute:

p? = P(Xpsz = j1Xn = 1) = D P(Xnt2 = J, Xnp1 = k[ Xn = 1)

kesS
= S P(Xusz = 3l Xner = b Xn = 8) - B(Xngs = | X = )
keS
= ZP(XnH = j| Xnt1 = k) P( X1 = k| X, =1) = Zpikpkj (1)
keS keS

where the Markov property property was used in (1). In a similar manner, we obtain the
Chapman-Kolmogorov equation for generic values of m and n:

Pt =S PP, iGeS, nm>0
kebs

1 ifi=3j
where we define by convention pz(-?) = 0;; = ! ‘7.
0 otherwise.

Notice that in terms of the transition matrix P, this equation simply reads:

(P™™); = (P" P™)ij = Y (P (P™)j
keS

where, again by convention, P° = I, the identity matrix.

3 ™
NI =
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Notice also that
7™ = P(X, = j) = Y P(Xp = j|Xu1 = ) P(Xp1 =) = S py Y
€S 1€S

In matrix form (considering 7™ as a row vector), this equation reads 7 = 7= P, from
which we deduce that 7" = 72 P2 = = 7O P", ie.

n n 0
= S

1.2 Classification of states =

We list here a set of basic definitions.

* A state j is accessible from state 7 if pz(»?) > 0 for some n > 0.

* State i and j communicate if both j is accessible from 4 and 7 is accessible from j. Notation:
14— 7.

“To communicate” is an equivalence relation:

reflexivity: ¢ always communicates with ¢ (by definition).

symmetry: if i communicates with j, then j communicates with 7 (also by definition).
transitivity: if i communicates with j and j communicates with k, then i communicates with k
(proof in the exercises)

* Two states that communicate are said to belong to the same equivalence class, and the state
space S is divided into a certain number of such classes.

In Example 1.2, the state space S is divided into two classes: {“dancing”, “at a concert”, “at the
bar”} and {“back home”}. In Example 1.3, there is only one class S=2.

* The Markov chain is said to be irreducible if there is only one equivalence class (i.e. all states
communicate with each other).

* A state 7 is absorbing if p; = 1.
* A state i is periodic with period d if d is the smallest integer such that pz(»?) = 0 for all n which

are not multiples of d. In case d = 1, the state is said to be aperiodic.

# Tt can be shown that if a state 7 is periodic with period d, then all states in the same class are
periodic with the same period d, in which case the whole class is periodic with period d.

Example 1.4. The Markov chain whose transition graph is given by

o
O 50

is an irreducible Markov chain, periodic with period 2.
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1.2.1 Recurrent and transient states

Let us recall here that p(p) = P(X, = 1| X, = 1) is the probability, starting from state ¢, to come

W

back to state i after n steps. Let us also define f; = P(Xever returns to i|Xo = i).

Definition 1.5. A state i is said to be recurrent if f; = 1 or transient if f; < 1.

It can be shown that all states in a given class are either recurrent or transient. In Example 1.2,
the class {“dancing”, “at a concert”, “at the bar”} is transient (as there is a positive probability to
leave the class and never come back) and the class {“back home™} is obviously recurrent. The
random walk example 1.3 is more involved and requires the use of the following proposition.

Proposition 1.6.

* State i is recurrent if and only if 2@1 p(n)

2
* State i is transient if and only if >~ -, pEZ” < 00.

= Q.

Notice that the two lines of the above proposition are redundant, as a state is transient if and
only if it is not recurrent.

Proof. Let T, be the first time the chain X returns to state 1. Therefore, f; = P(T; < oo| Xo = 1).
Let also N, be the the number of times the chain X returns to state ¢ and let us compute

= S P(Xu =i & X 4, Y > lXo = 1)

n>1
=Y P(Xp # i, ¥Ym > n|Xn = i, Xo = 1) P(Xs = 1] Xo = 9)

n>1

As X is a time-homogeneous Markov chain, we have

P(X,, # i, Ym >n|X, =1,Xo = i) =P &y #1; Ym &> n| X, =1) = P(Xm #14, Vm > 0| Xo = 1)
Therefore,

P(N; < 00| Xo = i) = P(Xpm # i, ¥m > 0| Xo = 1) > _P(Xy = i|Xo = 1)
n>1

= P(T; = ool Xo =) Dol = (1= £) Dol )

n>1 n>1

- This implies that

e If i is recurrent, then 1 — f; = 0, so by (2), P(NV; < oco| Xy = i) = 0, whatever the value
of 32,5 p'™ . This in turn implies

P(N; = 0| Xg =) =1, so E(Ny|Xo=1)=o00

> A -
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As N; =3 51 Hixa=ip WE also have

o~ E(NXo = ) = S Bl Xo = 1) = D_B(Xn = ilX0= iy=>_pi

n>1 n>1 n>1

which proves the claim in this case.

o 1If on the contrary i is transient, then 1— f; > 0andas P(N; = oo|Xo = i) <1, we

obtain, using (2)

(n) : (n) 1
me‘ (1—-fi) <1 e Zpii % 11—/, < o0

n>1 n>0

which completes the proof.

O

Notice that as a by-product, we showed in this proof that if a state of a Markov chain is recurrent,
then it is visited infinitely often by the chain, with probability 1 (therefore the name “recurrent”).

Application. (simple random walk, symmetric or asymmetric)

Let us consider the simple random walk (Sp, n € N), with the following transition probabilities:

So =0, P(Snﬂ:Sn+1):p:1—P(Sn+1=Sn—1) where 0 < p <1

Starting from 0, the probability to reach 0 after 2n steps is given by

n

pf)%n) =P(S2, = 0|So = 0) = ( 2: > " (1—p)", where (

2

2n > (2n)!

Notice that péonﬂ) — 0 for all n and p, as an even number of steps is required to come back to

0. Using Stirling’s approximation formula n! ~ n"e "V 271N, we obtain

(2n) (4p(1 - p))”

Poo — Jn
From this expression, wWe see that if p = 1/2, then
LD D AL Dhy il
n>1 n>1 n>1

so by Proposition 1.6, state O is recurrent, and as the chain is irreducible, the whole
recurrent. If on the contrary p # 1/2, then 4p(1 —p) < 1,80

oy - el = 3 WP <o

n>1 n>1 n>1

chain is

so state 0, and therefore the whole chain, is transient (in this case, the chain “escapes” to either

400 or —o0, depending on the value of p).

.
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Among recurrent states, we further make the following distinction (the justification for this
distinction will come later).

Definition 1.7. Let : be a recurrent state and 7} be the first return time to state <.
* 4 is positive recurrent if E(T;| Xo = i) < 00
* 4 is null recurrent if B(T;| Xy = 1) = 00

That is, if state 4 is null recurrent, then the chain comes back infinitely often to ¢, because the
state is recurrent, but the time between two consecutive Visits to ¢ is on average infinite!

Notice that even if f; = P(T} < co| Xy = i) = 1, this does not imply that E(T;| X, = 1) < oo,
as
E(T;|Xo =14) = > nP(T; = n|Xo = 1)

n>1

can be arbitrarily large.

Remarks.

* In a given class, all states are either positive recurrent, null recurrent or transient.

* In a finite state Markov chain, all recurrent states are actually positive recurrent. -
* The simple symmetric random walk turns out to be null recurrent.

1.3 Stationary and limiting distributions

Let us first remember that a time-homogeneous Markov chain at time n is characterized by its
distribution 7™ = (7\" i € §), where 7™ = P(X,, = 1), and that
n n : n+1 n .
) = 7P e, 7rj(- = Zﬂf )pij, VjesS
€S

Definition 1.8. A distribution 7* = (77, i € S) is said to be a stationary distribution for the
Markov chain (X, n > 0) if

™ =7"P, e 7 = Zﬁfpij, VjeS (3)
Remarks. i€S
* 7 does not necessarily exist, nor is it necessarily unique.
* As we will see, if 7* exists and is unique, then 7} can always be interpreted as the average
proportion of time spent by the chain X in state ¢. It also turns out in this case that

B(TIXo = ) = =
ur

where T; = inf{n > 0: X,, = i} is the first time the chain comes back to state ¢.

*If 70 = 7%, then 7@ = 7* P = 7*; likewise, 70" = 7* P* = ... = 7%, Vn > 0, that is, if

the initial distribution of the chain is stationary (we also say the chain is “in stationary state”,

by abuse of language), then it remains stationary over time.

7 "'I.-\'.- i
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Trivial example.

If (X,, n > 0) is a sequence of i.i.d. random variables, then p;; = P(Xns1 = j|Xn = i) =
P(X,41 = j) does actually depend neither on i nor on n , so 77 = P(X, = 1) (which is also
independent of n) is a stationary distribution for the chain. Indeed,

> minyg = (Z@) P(X, =j)=1-P(Xa=7j)=T;

€S i€S

Moreover, notice that in this example, 70 = 7*, so the chain is in stationary state from the
beginning.

Definition 1.9. A distribution 7* = (7}, i € S) is said to be a limiting distribution for the
Markov chain (X, n > 0) if for every initial distribution 70 of the chain, we have

™ —gr VieS )

lim 7
n—r oo

Remarks.

% If 7 is a limiting distribution, then it is stationary. Indeed, for all n. > 0, we always have
A+ = 70 PIflimy, oo 7™ = 7* then from the previous equation (and modulo a technical
detail), we deduce that 7* = 7w P,

* A limiting distribution 7* does not necessarily exist, but if it exists, then it is unique.

The following theorem is central to the theory of Markov chains.

Theorem 1.10. Let (X,,, n > 0) be an irreducible and aperiodic Markov chain. Let us more-
over assume that it admits a stationary distribution 7. Then 7* is a limiting distribution, i.e. for
any initial distribution 70 lim,, o0 7r§”) =7}, Vi€ S.

We sketch the proof of this theorem below.

Proof. (sketch)

The idea behind the proof is the following coupling argument. Let (Xpn,n > 0) be the Markov
chain decribed above and let (Y;,, n > 0) be an independent replica of this one, except for the
fact that Y starts with initial distribution 7 (so P(Y, =1i) =, foralln > 0andalli € 5).

Let us now look at the bivariate process (Z, = (Xu, Y,,), n > 0). It can be shown that Z is also
a Markov chain, with state space S x S and transition matrix

P(ZH-H = (]a l)‘Zn = (i’ k)) = Dij Pkl

"As X and Y are both irreducible and aperiodic, Z is also irreducible and aperiodic. It also
admits the following joint stationary distribution: H’(‘i_k) = 7 m;. We now use the following
fact: '

If a Markov chain is irreducible and admits a stationary distribution, then it is recurrent.

(This fact can be shown by contradiction: if an irreducible Markov chain is transient, then it
cannot admit a stationary distribution.)
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So Z is recurrent, which implies the following: let 7 = inf{n > 0 : X, = Y,,} be the first time
that the two chains X and Y meet. One can show that for alln > O and i € S,

P(X, =i,7 £n) =P, =i,7<n)

But as Z is recurrent, we also have that P(7 < co) = 1, whatever the initial distribution 7@ of
the chain X. So we obtain fori € S:

7™ —mi| = |P(Xn=1) = P(Y, =)
= |P(Xn=14,7 <n)—-PY,=1i71<n)|+|P(X,=1%,7>n)—P(Y, =147 >n)
< 0+P(r>n) — 0

- n—»00

as P(7 < oco) = 1. So 7* is a limiting distribution. O

Another equally important theorem is the following, However, its proof is more involved and
will be skipped.

Theorem 1.11. Let (X,,, n > 0) be an irreducible and positive recurrent Markov chain. Then
X admits a unique stationary distribution 7.

Remark.
An irreducible finite-state Markov chain is always positive recurrent. So by the above theorem,
it always admits a unique stationary distribution.

Definition 1.12. A (time-homogeneous) Markov chain (X,,, n > 0) is said to be ergodic if it is
irreducible, aperiodic and positive recurrent.

With this definition in hand, we obtain the following corollary of Theorems 1.10 and 1.11.

Corollary 1.13. An ergodic Markov chain (X,,, n > 0) admits a unique stationary distribution '
7*. Moreover, this distribution is also a limiting distribution, i.e.

(n) _
L =T

s VWies

lim 7
n—oo

We give below a list of examples illustrating the previous theorems.

Example 1.14. (two-state Markov chain)
Let us consider a two-state Markov chain with the following transition graph (where 0 < p, g <

1):

14
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As both p,q > 0, this chain is clearly irreducible, and as it is finite-state, it is also positive
recurrent. So by Theorem 1.11, it admits a stationary distribution. Writing down the equation
for the stationary distribution 7 = m P, we obtain

mo=mo (1 —p) + M4, m=mp+m(l—q) )

Remember also that as 7 is a distribution, we must have mp + m1 = 1 and 7y, m > 0. Solving
these equations (and noticing that the two equations in (5) are actually redundant), we obtain

; q
m=m(l—-p)+(1-m)g = mp+tqeg=9 ie To=_"—
(1-p)+ (1= L
som* = ﬁ;, ;}%}«) is the stationary distribution. Moreover, if p+¢ < 2 (i.e. if it is not the case

that both p = ¢ = 1), then the chain is also aperiodic and therefore ergodic, so by Corollary

1,13, 1" = (ﬁ—q p—f;—q-) is also a limiting distribution.

Notice that when both p = ¢ = 1, then 7° = (%, %) is the unique stationary distribution of
the chain, but in this case, the chain is periodic (with period d = 2) and 7 is not a limiting
distribution. If for example the chain starts in state 0, then the distribution of the chain will
switch from ©(™ = (1,0) at even times to 7™ = (0,1) at odd times, and reciprocally, but it

will never converge to the stationary distribution 7* = (%, %)

Example 1.15. (music festival: modified version)
Let us consider the chain with the following transition graph:

172

It has the corresponding transition matrix:

1/2 1/4 1/4
p=1|1/2 0 1/2
1 0 0

We can again easily see that the chain is ergodic. The computation of its stationary and limiting
distribution gives
. 8 2 3
n = 1ot 1097 109
1371313

Quite unexpectedly, the student spends most of the time at the bar...

Example 1.16. (simple symmetric random walk)

Let us consider the simple symmetric random walk of Example 1.3. This chain is irreducible,
periodic with period 2 and all states are null recurrent. There does not exist a stationary distri-
bution here (NB: it should be the uniform distribution on Z, which does not exist).
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Example 1.17. (cyclic random walk on {0,1,..., N})
Let us consider the chain with the following transition graph (with 0 < p,q¢ < landp+q = 1):

o ©@

It has the corresponding transition matrix:

0O p 0 0 g¢q

g 0O 0 0
Pe] g o, ;B
0 0 g 0 p

0 O 0

This chain is irreducible and finite-state, so it is also positive recurrent, but its periodicity de-
pends on the value of N: if N is odd (that is, the number of states is even), then the chain
is periodic with period 2; if on the contrary N is even (that is, the number of states is odd),
then the chain is aperiodic. In order to find its stationary distribution, observe that for all
j €S, Y esPij = P+ q = 1, s0 we can use Proposition 1.18 below to conclude that

g* = (N+1’ e N1+1), In case N is even, this distribution is also a limiting distribution.

Proposition 1.18. Let (X,,, n > 0) be a finite-state irreducible Markov chain with state space
S ={0,..., N} and let 7* be its unique stationary distribution (whose existence is ensured by
Theorem 1.11 and the remark following it). Then 7* is the uniform distribution if and only if
the transition matrix P of the chain satisfies:

Zpij =1, Vjes
€S

Remark.

Notice that the above condition is saying that the columns of the matrix P should sum up to 1,
which is different from the condition seen at the beginning that the rows of the matrix P should
sum up to 1 (satisfied by any transition matrix). ‘

Proof. *If " = (545, .-, 77) is a stationary distribution, then
=) wapi, V€S, e Y py=1, Vj€S
ies i€S
*If 3Py = 1, Vj € S, then one can simply check that 7 = (557, -, ) satisfies the
equation 7* = 7% P. O
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What happens without the aperiodicity assumption?

Theorem 1.19. Let (X,,, n > 0) be an irreducible and positive recurrent Markov chain, and let
7" be its unique stationary distribution (whose existence is ensured by Theorem 1.11). Then for
any initial distribution 7(®), we have

1 n
lim =Y " n¥ =77, Vies
k=1

n—oo N,

In this sense, 7 can still be interpreted as the average proportion of time spent by the chain in
state ¢, and it also holds that

1
E(TIXo=9) ==, Vies

%)
%

1.4 Reversible Markov chains and detailed balance

Let (X,, n > 0) be a time-homogeneous Markov chain. Let us now consider this chain back-
wards, i.e. consider the process (X, X,,—1, X,,_a, ..., X1, Xy): this process turns out to be also
a Markov chain (but not necessarily time-homogeneous). Indeed:

P(Xn = j|Xnt1 =8, Xny2 =k, Xppz =1,...)
LK, =1 Mg =1, Xpn= b, Xpa =1, ..
P(Xn41 =14 Xnio =k, Xpi3=1,...)

CPXnre =k, Xnps =1, [ X1 =4, X = 5) P(Xpp1 = §, X = §)
 PXape =k, Xz =1, o, [ Xy = 1) P(Xp1 = 1)

P(Xnia =k, Xpiz =1,..., [ Xps1 = 1) , _
T P(Xmra = by Xy = 1, o | Koy = 1) L Xn = 31K =19) ©)
=P(X,, = j| X1 =1)

where (6) follows from the Markov property of the forward chain X .

Let us now compute the transition probabilities:

. . . . . (n)
, W PXa=5,Xn1=19) PXpp1=ilXn=7)P(X,=j) DiiT,
P XTL = XTL = — - = = =

( IXnta = 1) P(X,11 = 1) P(Xpp1 = 1) 7D

1

We observe that these transition probabilities may depend on n, so the backward chain is not
necessarily time-homogeneous, as mentioned above.

Let us now assume that the chain is irreducible and positive recurrent. Then by Theorem 1.11,
it admits a unique stationary distribution 7*. Let us moreover assume that the initial distribution
of the chain is the stationary distribution (so the chain is in stationary state: 7(™ = 7*, ¥n > 0,
ie. P(X,, =1) =7}, ¥n > 0,Vi € S). In this case,
. . Pji 7Tf ~
P(Xn = ]IXn+l = Z) = = — Dij

;

L.e. the backward chain is time-homogeneous with transition probabilities Dij-
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Definition 1.20. The chain X is said to be reversible if p;; = p;;, i.e. the transition probabilities
of the forward and the backward chains are equal. In this case, the following detailed balance
equation is satisfied:

TP = T; Pjis  Vi,J €S (7)

Remarks.
% If a distribution 7* satisfies the above detailed balance equation, then it is a stationary distri-
bution. Indeed, if 7* satisfies (7), then

Zﬂ-;pij :ZW;pﬁ:ﬂ]*-Zpﬁ:W;, Vjes

ieS i€S 1€S

* In order to find the stationary distribution of a chain, solving the detailed balance equation (7)
is easier than solving the stationary distribution equation (3), but this works of course only if
the chain is reversible.

* Equation (7) has the following interpretation: it says that in the Markov chain, the flow from
state 7 to state 7 is equal to that from state j to state ¢.

* If equation (7) is satisfied, then 7* is the uniform distribution if and only if P is a symmetric
maftrix.

Example 1.21. (cyclic random walk on {0,1,...,N})

Let us consider the cyclic random walk on {0,1,..., N} of Example 1.17 with right and left
transition probabilities p and g (p + ¢ = 1). We have seen that the unique stationary distribution
of this chain is the uniform distribution 7 = (7\%@, ey z_\f'lﬁ) Is it the case that the detailed
balance equation is satisfied here? By the above remark, this happens only when the transition
matrix P is symmetric, i.e. when p = ¢ = 1/2. Otherwise, we see that the flow of the Markov
chain is more important in one direction than in the other.

Example 1.22. (Ehrenfest urns)

Let us consider the following process: there are 2 urns and N numbered balls. At each time
step, one ball is picked uniformly at random among the N balls, and transferred from the urn
where it lies to the other urn.

Let now X,, be the number of balls located in the first urn at time n. The process X describes a
Markov chain on {0, ..., N}, whose transition probabilities are given by
N—i .
Piit1 =~ : Pii-1 = _% Vi<i<N-1 and pn=1, pyny-1=1

1

The corresponding transition graph is

s N-YN 3 UN
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This chain is clearly irreducible, periodic with period 2 and positive recurrent, SO it admits a
unique stationary distribution 7*. A priori, we are not sure that the chain is reversible (although
it is a reasonable guess in the present case), but we can still try solving the detailed balance
equation and see where it leads:

. . . . N —1 o L 1 . N —1
T, Dii+l = Tip1Pi+1s L& T =My = Tl =

*

——== 1l
i+ 1

So by induction, we obtain

(N—i+1)N . N! :(N> )

* *
oy = =T I
’ i1 0 (N =)l 0 (

Writing down the normalization condition ng:o 77 = 1, we obtain

N
1:w32<7>=w52N $0 w;:2-N<]j>, i=01,..,N

Remark.

In physics, this process models the diffusion of particles across a porous membrane. It leads to
the following paradox: assume the chain starts in state X = O (that is, all the particles are on
one side of the membrane), and let then the chain evolve over time. As the chain is recurrent, it
will come back infinitely often to its initial state 0. This seems a priori in contradiction with the
second principle of thermodynamics, which states that the entropy of a physical system should
not decrease. Here, the entropy of the state 0 is much less than that of any other state in the
middle, so the chain should not come back to 0 after having visited states in the middle. The
paradox has been resolved by observing that for macroscopic systems (that is, N ~ 6,022 X
1023, the Avogadro number), the recurrence to state 0 is never observed in practice, as my = g~

1.5 Hitting times and absorption probabilities

Let (X,, n > 0) be a Markov chain with state space S and transition matrix Pandlet Abea
subset of the state space .S (notice that A need not be a class). In this section, we are interested in
knowing what is the probability that the Markov chain X reaches a state in A. For this purpose,
we introduce the following definitions.

Definition 1.23.

* Hitting time: Hy = inf{n > 0: X,, € A} = the first time the chain X “hits” the subset A.

* Hitting probability: hia = P(Ha < 00| Xo = i) = P(3n > Osuch that X, € Al Xy = 1),
i€ S.

~ Remarks.

* The time H 4 to hit a given set A might be infinity (if the chain never hits A).

* On the contrary, we say by convention that if X, =jiandi € A, then Hy = 0and hja = 1.

* If A is an absorbing set of states (i.e. there is no way for the chain to leave the set A once it
has entered it), then the probability ;4 is called an absorption probability. A particular case
that will be of interest to us is when A is a single absorbing state.
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The following theorem allows to compute the vector of hitting probabilities by = (hia, © € S).

Theorem 1.24. The vector ha = (hia, i € S) is the minimal non-negative solution of the
following equation:

fag =1 Vie A )
hia =Y jesPijhja Vig A
By minimal solution, we mean that if g4 = (gia, © € S) is another solution of (8), then g;4 >
hia, Vi € S.

Remarks.

* The vector h 4 is not a probability distribution, i.e. we donothave > ,.ghia = 1.

* This theorem is nice, but notice that in order to compute a single hitting probability h;4, one
needs a priori to solve the equation for the entire vector hy. It turns out however in many
situations that solving the equation is much easier than computing directly hitting probabilities.

Proof. * Let us first prove that h 4 1s a solution of (8). If i € A, then h;4 = 1, as H,4 = 0in this
case. If 1 ¢ A, then '

h,—A:]P’(E]n?_O:XnEA\XOZZ')———IP’(HHZ1:XnEA|X0:z')
=S "P@En > 1: X, € AlXy =5, Xo = ) P(X = j|Xo = 9)

J€ES

=S P(En > 1: X, € AlXy =) P(Xq = j1Xo = i) 9)
jES

= ZP(ETL >0: X, €AXo=7J)pij = Zth Dij (10)
jES =)

where (9) follows from the Markov property and (10) follows from time-homogeneity.

Notice that if the state space S is finite, then it can be proved that there is a unique solution to
equation (8), so the proof stops here.

* In general however, there might exist multiple solutions to equation (8). Let us then prove that
h 4 is minimal among these. For this purpose, assume g4 is another solution of (8). We want to
prove that g;4 > hsa, Vi € S. As g4 is a solution, we obtain the following.

If i € A, then gia = 1 = hia. If 4 ¢ A, then

gia = sz'jng = sz‘j += Zpijng = Zpij +F Zpij (ijk =+ ijk gkA>
jeS JEA jgA jEA j¢A keA kA
—P(X; € AlXo=1) +P(Xo € A, X1 & AlXo=1) + SO pispik gra
JEAKEA
—P(X; € Aor X € A|Xo=1)+ D > Pij Diik Gk
JEAKEA
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Observe that the last term on the right-hand side is non-negative, so

gia > P(X, € Aor X, € Al Xy =1)

This procedure can be iterated further and gives, for any n > 1:

gia >P(Xy € Aor Xy € Aor...or X, € A|Xg = 1)
So finally, we obtain
ga>PEn>1:X, € Al Xg=9)=PEn>0:X, € A|Xo=1) = hia
which completes the proof. O
We are also interested in knowing how long does the Markov chain X need to reach a state in
A on average. For this purpose, let us introduce the following definition.
Definition 1.25. The average hitting time of a set A from a state 7 € S is defined as

pia =E(HalXo=1) =Y nP(Ha =n|Xo =1)

n>0

Notice that this average hitting time might be co. The following theorem allows to compute
the vector of average hitting times 14 = (4, @ € S). As its proof follows closely the one of
Theorem 1.24, we do not repeat it here.

Theorem 1.26. The vector 14 = (p;4,¢ € S) is the minimal non-negative solution of the
following equation:

{,LLiA:O Vie A (11

pin =1+ gapijlia Vig A
Please pay attention that this equation is similar to equation (8), but of course not identical.

We list below a series of examples where the above two theorems can be used.

Example 1.27. (gambler’s ruin on {0,1,2,..., N })
Let us consider the time-homogeneous Markov chain with the following transition graph:

172 2 1/2 1/2
jloJoJolONES © Q)
I~ o5 o 1/2. o

This chain models the following situation: a gambler plays “heads or tails” repeatedly, and each
time wins or loses one euro with equal probability 1/2; he plays until he either loses everything
or wins a total amount of N euros. Assuming that he starts with ¢ euros (with 1 <i < N — 1),
what is the probability that he loses everything?
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The answer is hyy = P(Hy < 00| Xy = i) (indeed, the only alternative is Hy < 00). Let us
therefore try solving equation (8):

ge=1]: hoo =1
1<i<N-1: hy= %(hi-l,o + hig10) L€ Ry = 2hio — hic1p (12)
1= N : hNO =0

Notice that there is actually no equation for hyo; we therefore choose the smallest non-negative
value, i.e. 0 (another view on this is that we know that hyo = 0, as 0 is not accessilble from N).
This gives

hao = 2h19 — 1, hao = 2hgg — h1o = 3hio — 2,

By induction, we obtain h;y = ihio — (1—1),v1<i< N-—1L
Writing down equation (12) fori = N — 1, we further obatin

0= hyo = 2hy_10 — hnv—20 = 2(N — 1)h1o — 2N —2) — (N —2)hyo + (N — 3)
Therefore Nhig — N +1 =0, i.e.

N-1 N-1 N—i—Ni+N N-—1
thZT and hio-:i —(’L.—l)z‘—l ZNZ+ = NZ
![zﬁ
19
K171 .
®
1/M °
ol 1 2 3 N-1 N

Here is now a second question: how long will the game last on average (until the gambler either
loses everything or wins N euros), assuming again the gambler starts with 7 euros (1 < ¢ <
N —1)?

The answer is the following: let us consider the subset A = {0, N'}; the average duration of the
game is piq = E(Ha|Xo = 7). Notice that b4 = 1 (as there is no other alternative than to end
in 0 or V) and also that the chain has a finite number of states, so 1,4 < oo (wWhereas it can be
checked that both 190 = v = o0). The equation (11) for the vector 114 reads in this case:

1=0: HoAa = 0
1<i<N—-1: pa=1+21(i1,a+ pliyra) i€ piv1a = 24 — 2 — pi—1,4 (13)
g= N MUNA = 0

The solution of this equation is obtained similarly to the previous one:

fion = 2p1a — 2, 34 = 22 — 2 — 2pi14 = 314 — 6,

17 i L_

Dr. Ma he\éh -BLIFH:’E'E‘

. B.E..ME. PhD.
- ) Director
sornima Caollage of Engineer

1818, FUICO 1ast
’ ol titutional
-‘.ﬁtc‘.pum, ;J-."\ii"'uﬂr.;’ Area




so by induction, we obtain: ;4 = 14 — 1(i — 1)
Writing down equation (13) fori = N — 1, we further obtain
0=pna=2uN—1,4—2— IN-2,A
_ 9(N — s — 2N — (N =2) =2 = (N = 2pua+ (N = 2)(N = 3)
— Npa— (N —2)(2(N = 1) - (N = 3)) 2
:NMA—(NQ—N—Q)—Q:NulA—N2+N

Sopa =N = N —land pia = i(N — 1) —i(i = 1) = &N —9).

HiA

Example 1.28. (gambler’s ruin on N)
Let us consider the time-homogeneous Markov chain with the following transition graph:

This Markov chain describes a gambler playing repeatedly until he loses everything (there is no
more upper limit V'), winning each game with probability 0 < p < 1 and losing with probability
g = 1 — p. Starting from a fortune of ¢ euros, what is the probability that the gambler loses
everything?

The answer is again h;, so let us try solving equation (8) (first assuming that p # 1/2):
hoo =1, hip-=phit10+ qhi-1o 121
The general solution of this difference equation is given by
hy = « yi. +p yi_

‘where y,. are the two solutions of the quadratic equation y = py? +q,ie yy = Ly- = q/p.
Therefore,

hio = a + B (q/p)’

Using the boundary condition hyo = phao + ¢, we moreover obtain that « + 3 = 1, 1.e.
hio = o+ (1= @) (a/p)’
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For any o € [0, 1], the above expression is a non-negative solution of equation (8). The param-
eter o remains to be determined, using the fact that we are looking for the minimal solution.

*if p < g, then the minimal solution is given by ho = 1, Vi (i.e. a = 1)
*If p > ¢, then the minimal solution is given by hiy = (¢/p)’, Vi (i.e. a = 0)

In the borderline case where p = ¢ = 1/2, following what has been done in the previous
example leads to
hiO == ihlo - (Z - 1), VZ

and we see that the minimal non-negative solution is actually given by hig = 1, leading to
hio = 1 for all 1.

In conclusion, as soon as p < 1/2, the gambler is guaranteed to lose everything with probability
1, whatever his initial fortune.

Remarks.
* These absorption probabilities we just computed are also the hitting probabilities of the
Markov chain with the following transition graph:

And for this chain, the probabilities h,g = P(Hy < co|Xo = 1) and fo = P(Ty < 00|Xy = 0)
are equal! So this new chain is recurrent if and only if hyo = 1, that is, if and only ifp<1/2.

* In the case p = 1/2, we can also compute the average hitting times /1,0, following what has
been done in the Example 1.27. We obtain:

tio = i — (6 — 1), Vi

As i(i — 1) increases faster to oo than i, we see that the vector i can be non-negative only if
o = oo itself, i.e. p;p = oo for all 4. This is saying that in this case, the average time to reach
0 from any starting point ¢ is actually infinite!

* Making now the connection between these two remarks, we see that for the chain described
above, we have
o0 = Uio = E(HO‘XO = 1) = E(TolXo = 0)

i.e. the expected return time to state 0 is infinite, so the chain is null recurrent when p = 1/2
(similarly, it can be argued that the chain is positive recurrent when p < 1/2).
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1.5.1 Application: branching processes

Here is a simple (not to say simplistic) model of evolution of the number of individuals in a
population over the generations. Let first (p;, j > 0) be a given probability distribution.

Let now X, describe the number of individuals in the population at generation n. At each
generation n, each individual 7 € {1, ..., X,,} has C? children, where (C?, i > 1, n > 0) are
i.i.d. random variables with distribution P(C}* = j) = p;, j > 0. The number of individuals at

generation n + 1 is therefore:
Kg = G+ . + OF,

Because the random variable C* are i.i.d., the process (X,, n > 0) is a time-homogeneous
Markov chain (what happens to generation n + 1 only depends on the value X,,, not on what
happened before). Let us moreover assume that the population starts with 7 > 0 individuals.

We are interested in computing the extinction probability of this population, namely:
hiy = P(X, = 0 for some n > 1| Xy = 1).

This model was originally introduced by Galton and Watson in the 19th century in order to study
the extinction of surnames in noble families. It nowadays has found numerous applications in
biology, and numerous variants of the model exist also.

Remarks.

*If pg = P(CP = 0) = 0, then the extinction probability h;; = 0, trivially; let us therefore
assume that py > 0. In this case, 0 is an absorbing state and all the other states are transient.

* If a population starts with ¢ individuals, then if extinction occurs, it has to occur for the family
tree each of the 7 ancestors. So because of the i.i.d. assumption, the total extinction probability
is the product of the extinction probabilities of each subtree, i.e. h;g = (hyp)".

* As a corollary, the fact that extinction occurs with probability 1 or not does not depend on the
initial number of individuals in the population.

* For ¢ = 1, the transition probabilities have the following simple expression:

p1j = P(Xn41 = j|Xn =1) =P(CT = j) = p;.

From Theorem 1.24, we know that the vector hg = (hy, ¢ > 0) is the minimal non negative
solution of

hoo = 1, hm:zpuh_;‘o, 1 >1

520

In particular, we obtain the following closed equation for hiq:

hio=Y pijhjo= > p;(hio) (14)

720 720

In order to solve this equation for hyq (remembering that we are looking for the minimal non-
negative solution), let us define the generating function

9(z) =Y pi?, z€[0,1]

§>0
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Equation (14) can therefore be rewritten as the fixed point equation hyg = g(hio). Its minimal
non-negative solution is given by the following proposition.

Proposition 1.29. Let j1. = ) i>1DP5 ] be the average number of children of a given individual.
*1f p. < 1, then hyg = 1, 1.e. extinction occurs with probability 1.

*If 1. > 1, then the minimal solution of hig = g(hio) is a number strictly between 0 and 1, so
both extinction and survival occur with positive probability.

From this proposition, we see that slightly more than one child per individual is needed on av-
erage in order for the population to survive. But of course, there is always a positive probability
that at some generation, no individual has a child and the population gets extinct.

Proof. Let us analyze the properties of the generating function g:
*g(0) = po €]0,1], (1) = 3> 50P5 = 1

*g(2) = Y100 2750 g (1) = 2051 P = He

% g"(2) = 3 ;5905 () — 1) 2772 2 0,50 g is a convex function.

Given these properties, we see that only two things can happen:

p() BEES L AMP

Rig 1

* Either . < 1 (top curve), and then the unique solution to equation hyp = g(hy) is hjg = 1.

* Or p, > 1 (bottom curve), and then equation hio = g(h1o) admits two solutions, the minimal
of which is a number 1}, €10, 1[. O
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2 Continuous-time Markov chains

2.1 The Poisson process

Preliminary. (convergence of the binomial distribution towards the Poisson distribution)
Let ¢ > 0 and Xy,..., Xy be i.i.d. random variables such that P(X; = +1) = ¢/M and
PX;=0)=1—(¢/M),for1 <i< M.

Letalso Zyy = X1 + ... 4+ Xy Then Zy, ~ Bi(M,c/M), i.e.

P(Zy = k) = ( o ) (c/MY* (1 = (¢/M)M~*, 0<k<M

Proposition 2.1. As M — oo, the distribution of Z;, converges to that of a Poisson random
variable with parameter ¢ > 0, i.e.

k

P(Zy=k) = %e'k, vk >0
Proof. Let us compute
Pzu =) = (4 ) ot - epom
MM =1)--(M—k+1) & y » o
- . e (L= (/M) (1 — (M) = e
0

2.1.1 Definition and basic properties

The Poisson process is a continuous-time process counting events taking place at random times,
such as e.g. customers arriving at a desk. Its definition follows.

Definition 2.2. A continuous-time stochastic process (IV;, t € R, ) is a Poisson process with
intensity A > 0 if:

* N is integer-valued: V; € N, V¢t € R,.
* No = 0 and N is increasing: Ny < N;if s < t.
* N has independent and stationary increments: forall0 < t; < ... <t,andny,...,n, €N,

P<Nt1 =Ny, Ntz — Nt1 S (1) PP Ntm - Ntm—l = nm)
=P(Ny, = n1) P(Ny, — Ny =ng) -+ P(Ny,, = N,y = )

and forall0 < s <tandn,m € N,
P(N; — Ny =n) =P(N;_s =n)

*P(Nag = 1) = AAt + o(At), P(Na, > 2) = o(At), where by definition lima;_,o 222 = 0.
NB: As a consequence of this definition, we see that P(Na; = 0) = (1 — AAt) + o(At).
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Tllustration. Here is a graphical representation of the time evolution of a Poisson process.

From the above definition, we deduce in the proposition below the distribution of the Poisson
process at a given time instant.

Proposition 2.3. Attime ¢ € R., N, is a Poisson random variable with parameter At, 1.€.

bt
P(N, = k) = (—kT)-e‘“, k>0

Proof. (sketch)
Lett € R,, M > 1and define At = t/M. We can write

M
N, =3 X;, where Xi=Niar = Ni-nar
1=1

From the last line of Definition 2.2 and the stationarity property, we deduce that

P(X; > 2) = P(Nay 22) =0

The random variables X; can therefore be considered as (nearly) Bernoulli random variables

y At
with parameter W Therefore,

DD

by Proposition 2.1. _ O
Corollary 2.4. Fort € Ry, E(N;) = At (so Ais the average number of events per unit time).
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2.1.2 Joint distribution of the arrival times and inter-arrival times

Definition 2.5. The arrival times of a Poisson process are defined as

TOZO, Tn=1nf{t€R+Nt:n}, nZl

To Ty T LE} t

The cumulative distribution function (cdf) of a given arrival time can be computed easily:

P(T, <t)=P(N,2n)=Y P(N,=k) = Z(Akt') M

k>n k>n
and its corresponding probability density function (pdf) is given by

d AR CARY
pr.(t) = d—tIP’(Tngt):Z(k_l)!e —ZTAe
k>n

e (Ag)*t A)*) (!
= e <Z(k—1)!_Z k! )‘Ae (n— 1)

k>n k>n

ie. T,, ~ Gamma(n, A) (and remember that such a Gamma random variable can be written as
the sum of n i.i.d. exponential random variables, each of parameter A > 0),

We now would like to compute the joint distribution of the arrival times 1y, ...,T,. For this, let
us recall the following.

*If T'is a non-negative random variable, then for 0 < a < b, P(a < T < b) = fab dt pr(t),
where pr is the pdf of T'.

* Similarly, if 7,, > ... > T, > T) are non-negative random variables, then for 0 < q; < b; <
as < by < ... < a, < b, we have

Pla; < Ty < by, Uy Ty X Bgyeovy 8y < Ty S B)

b1 bz bn
/ dtl / dtQ e / dtn Pry,.. T, (tlv ¢ n atn)
al a Qn

where pr, .7, is the joint pdf of 77, ... T,,.

:::::
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Let us therefore compute

P<a1<T1§b1,a2<T2§b27~-,an<Tn§bn)
:]P)(Nalzo) Nb1_Na1 :17 Nag_Nbl:07'--)Nan—an_1:07 an_Nanzl)

= P(N,, = 0)P(N,, — Nyy =1)P(Ng, — Ny, =0) - .P(N,, — Np,_, = 0)P(Ny, — Ng, > 1)

n—1

s e~)\a1 A(bl _ (11) e—A(bl—al) e—/\(ag—bl) . e~)\(an—bn_1) (1 _ 6—‘)\(bn—an))

n—1 bl bn
=37 b — @) (e —e) = / dty - -- / dt, A" e
1=1 a1 an

So the joinf pdf of 71, ..., T, is given by
Py, Tty -y tn) = A" e Lot <. <t}
In particular,

Py, Tty s tn
pTlv"'aTn—liTn(t17 SR 7tn—1|tn) = ! ( ! ! )

pr, (tn>
_ Al A i _(n—1)! 4
— A'n,(tn)n—l e—)\tn/(n _ 1)' {Ogtlg...stn} - (tn)n_l {0§t1§...§t7z}
i.e., given that T,, = t,, the random variables 71, . .. ,T,,_1 have the same distribution as the

order statistics of n — 1 random variables uniformly distributed on [0, t,,].

Definition 2.6. The inter-arrival times of a Poisson process are defined as
Sn:Tn_Tn—la n>1

Equivalently, T,, = Sy + Sz + ... + Sy, forn > 1.

S1 Sz S3 54
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The joint pdf of 51, ..., S, can be easily computed from the joint pdf of T3, ..., T),:

p51 ..4.,Sn(81> . '7871,) == pT1 ..... Tn(slasl + §2,...,81 4+ ot Sn)

n

= \" e~ o1+ tsn) —Asi |

1{5120751+52231,-~-751+-»-+Sn251+~--+5n—1} = | | Ae 520

i=1
ie. Sy,..., S, are nii.d. exponential random variables with parameter \ (and as already ob-
served above, T, is the sum of them). This gives rise to the following proposition (which can
also be taken as an alternate definition of the Poisson process).

Proposition 2.7. Let (S,,, n > 1) be i.i.d. exponential random variables with parameter A > 0.
Then the process defined as

Ny=max{n>0:5+...+ 5, <t}, teR,
is a Poisson process of intensity A > 0.
Remark.

The exponential distribution of the inter-arrival times leads to the following consequence:
*Letto € R, be a fixed time, chosen independently of the process V. Then by stationarity,

P(Njgrt =Ny 2 1) =P(N,; > 1) =1-P(N,=0) =1 — e
* Let us now replace ¢g by an arrival time of the process T,,. Then again,
P(Ng,4t — Np, 2 1) = P(S,41 < t) =1 — e i.e. the probability is the same as before!
So the probability that an event takes place ¢ seconds after a given time does not depend on
whether this given time is an arrival time of the process or not.

2.1.3 Additional properties

We prove below two useful propositions.

Proposition 2.8. (superposition of two independent Poisson processes)
Let NU, N® be two independent Poisson processes with intensity A; and Ay, respectively.
Then the process N defined as

/Vt == Nt<1) ‘f" Nt(2)7 t E R+

is again a Poisson process, with intensity A; + \s.

Proof. (sketch)
We only prove here that for ¢ € R, N, is a Poisson random variable with parameter (M +X)t:

P(N; =n) =P(ND + NP =) = S PN = k, N® =n — )
k=0

- (M) L Qet)rE
=S BVO = PV = n— k)= 3! e ((nz_ e
k=0 k=0

A1+A2)t

! A (A1 + X))
Z k! - , AEADTE L gm(atda)t ———(( 1+ Ao)t) e

et l(n — k) nl

n! n!

O
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The superposition of two Poisson processes is illustrated on the figure below.

The next proposition is in some sense the reciprocal of the former one.

Proposition 2.9. (thinning of a Poisson process)

Let N be a Poisson process with intensity A and let (X,,, n > 1) be a sequence of i.i.d. random
variables independent of N and such that P(X,, =1) =p=1—-P(X, =0), with0 <p < 1.
Let us then associate to each arrival time T, of the original process N a random variable X,
and let NV be the process whose arrival times are those of the process IV for which X, = 1.
Then N is again a Poisson process, with intensity pA.

Proof. (sketch)
We only prove again that fort € R, Nt(l) is a Poisson random variable with parameter pAt:

PN = k)= P(Ny=n,X1+ ..+ Xo = k)

n>k
=> PN, =n)P(X; + ... + X, = k) (15)
n>k
)™
e (1)
n>k )

— (pAt)k 6~)\tz (/\t)n_k (1 _ )n—k (p)‘t)k —pAt

k! (n—&)! TR €

n>k

where (15) follows from the assumed independence between the process /N and the random
variables (X, n > 1). O
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2.2 Continuous-time Markov chains
2.2.1 Definition and basic properties

Definition 2.10. A continuous-time Markov chain is a stochastic process (X;, t € Ry) with
values in a discrete state space .S such that

P(th+1 = j|th = 7;7 th—l = Z.7'1"17 tT 7Xt0 = /LO) = P(th+l = j‘th = Z)?
Vj,i,in_l,..‘,ZOES and th>tn_1>...>t020
If moreover
P(Xp4s = j|1Xo = 0) = P(X; = j| Xo =14) = py(t), Vi,j.€5 and Vt,s > 0

then the chain is said to be time-homogeneous (we only consider such chains in the following).

Notice that we do not have anymore a single transition matrix P = (pij)ijes, but a collection
of transition matrices P(t) = (pi;(t))sjes, indexed by ¢ € Ry.

Example 2.11. The Poisson process with intensity A > 0 is a continuous-time Markov chain,
Indeed, for j >4 > 4,1 > ... > igp € N, we have:
PN,y = 3N, =4, Ny =1, Nig = io)
=P(N;,,, — Ni, =5 —i|Ny, = 4, Nppo oy =ty Ny = ig)
= P(Ntn+l — N, =7 — i) = P(Ntnﬂ—tn =] - Z)
where the last line follows from the independence and the stationarity of increments. Similarly,
we obtain

]P)(Nf/n+l = letn = 7') = P(Nth—l_f'n = j - 7’)
proving therefore the Markov property. Furthermore, the transition probabilities are given by

pi(t) =P(Ny=j —14) = ((yA t—):)z! e

Notations.

*1(t) = (m(t),i € S) is the distribution of the Markov chain at time t € R

i.e. m(t) = P(X, = i). Again, we have m;(t) > 0foralli € Sand 3, ¢ m(t) = 1,Vt € Ry
*71(0) = (m:(0),4 € S) is the initial distribution of the Markov chain.

One can check that 7;(t) = Y, m(0) pi; (t) and m5(t + 8) = D e i (t) pij (8).
The Chapman-Kolmogorov equation reads in the continuous-time case as

pij(t + 8) = szk(t> pkj(s)a VZ,] € Sa t,S = R+
keS

Proof. Along the lines of what has been shown in the discrete-time case, we obtain

pij(t+8) = P(Xeps = j1Xo = i) = > P(Xess = 5, Xo = k| Xo = 14)
keS

= 3 P(Xues = 41X =k, Xo = ) P(X, = k| Xo =) = ) pix(t) Pa(s)
kesS keS
O
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2.2.2 Transition and sojourn times

Disclaimer. In this section and the following ones, rigorous proofs are often missing!

Definition 2.12. The fransition and sojourn times of a continuous-time Markov chain are de-
fined respectively as

To =0, Tpy=inf{t>T,:X #+ Xr,}, n=>20

and
Sn:Tn_Tn-L n21

Equivalently, T, = S1 + ... + Sh.

The following fact is essentially a consequence of the Markov property.

Proposition 2.13. (without proof)
The sojourn times (S,, n > 1) are independent exponential random variables.

Remarks.
* In general, the sojourn times (Sn, n > 1) are not identically distributed random variables.

* Also, the parameter of the exponential random variable S,41 depends on the state of the

Markov chain at time 7T,,. That is, given that X7, = 4, Sp+1 18 an exponential random variable

with some parameter v;, so that the average waiting time in state i is B(Sps1| X1, = 1) = 1/vi.

The parameter v; is the rate at which the chain leaves state 1.

Here is the graphical representation of the time evolution of a Markov chain with 3 states and
vy ~ vy < V!

4! , 4 & 179

In order to avoid strange behaviors (such as e.g. processes with infinitely many transitions dur-
ing a fixed period of time), we make the following additional assumption:

n

Y Si=T. = 00

=1
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2.2.3 Embedded discrete-time Markov chain

Let us define X, = Xz, and §; = P(Xr,.., = §1 Xz, = 1) = P(Xns1 = j1 X, =14),3,§ €8S

Fact. (without proof)
The process (X,,, n > 0) is a discrete-time Markov chain with transition probabilities (g;;)i,jes-
It is said to be embedded in the continuous-time Markov chain (X, t € Ry).

Remark.

* Notice indeed that g;; > 0,Vi,j € S and > ies ¢; =1,Vi€ S, asinthe discrete-time case.
* Here, in addition, g; = 0, Vi € S, i.e. the embedded discrete-time Markov chain never has
self-loops in its transition graph.

* The embedded chain does not “see” the time elapsed between any two transitions.

Fact. (again without proof)

The continuous-time Markov chain (X;, t € R, ) is completely characterized by the parameters
(1)ies (= the rates at which the chain leaves states) and (@i;)i jes (= the transition probabilities
of the embedded discrete-time chain).

From this, we also deduce the following (by an approximate reasoning):
pis(At) = P(Xar = | Xo = 1) @ P(Th > At|Xo =) = et =1 — y At + o(At)  (16)
pij(At) = P(Xa, = j|Xo = 1) = P(Xpy = 5,1 < At|Xp = i) o Gy (1 — &™)
= GVt + o( At) 17)
Let us therefore define a new matrix () as follows:
Qi = —V; and qi; = Viaijv J ?éz

Then |g;;| = v; represents the rate at which the chain leaves state i and ¢;; = V; q;; represents
the rate at which the chain transits from state ¢ to state j. Notice also that

Z%‘j = Qii T Z(]zj = —V; TV (Z@j) =0, VieS
j€s i j#i
Finally, we deduce from equations (16) and (17) that
P(At) = I + QAt + o(At)

The matrix Q characterizes therefore the short-term behavior of the continuous-time Markov
chain X. It is therefore called the infinitesimal generator of X.

2.2.4 Kolmogorov equations

Proposition 2.14. (Kolmogorov equation: version 1)

dm;(t) -
—E'— ‘—_ZGZSTFI(t) qij, VZ,j € S, vt ER+
; . dm
or in matrix form: E(t) =7(t) Q.
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Proof.
Tt + At) = Z 7i(t) pij (At) = m;(t) pj; (At) + Z 7i(t) pij (Al)
i€S i

=m(t) + Y m(t) (g5t + o(AL))
€8

where the last equality is obtained using equations (16) and (17). Therefore,

mi(t + At) —m;(t) o(At)
= i(t) ij
€S
so taking the limit At — 0, we obtain (watch out that a technical detail is missing here)

drj .« .. mt+ A —m(t) e
8= A, At =2 it

€S

Proposition 2.15. (Kolmogorov equation: version 2, “forward” and “backward”)

dpyy -
Pat) = palt)ay =Y awpu(t) VijeS, VieR.
keS keS

or in matrix form: %?(t) =P(t)Q=QP(t).

We skip the proof: it follows the same lines as above. The only difference is that the Chapman-
Kolomogorov equation is used here:

pis(t + A1) =Y i) P (A1) = D pi(At) i (1)

kes kesS

Example 2.16. (two-state continuous-time Markov chain)
Let us consider the continuous-time Markov chain with state space S = {0, 1} and infinitesimal

generator
-2 A
Q_< o —M)
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The embedded discrete-time Markov chain has the following transition matrix:
= 0 1
o= (1)

v 4 1. 1.
and the average waiting times are 3 in state 0 and — in state 1.
7

1/A /4 MR

The Kolmogorov equation (version 1) reads in this case

dmo dm\ _ ooy (A2

Solving this ordinary differential equation, we obtain
and

2.2.5 Classification of states

As in the discrete-time case, let us introduce some definitions.
+ Two states i and j communicate if p;;(t) > 0 and p;i(t) > 0 for some ¢ > 0.
* The chain is said to be irreducible if all states communicate.

* Fact: if py;(t) > 0 for some ¢t > 0, then p;; (t) > 0 for all t > 0, so there is no notion of
periodicity here.

* Let R, be the first return time to state 1: R; = inf{t >T,: X, = i}.
% A state i is said to be recurrent if f; = P(R; < 00| Xy = i) = 1 and transient otherwise.

* Moreover, if a state 7 is recurrent, then it is positive recurrent if E(R;| X0 = i) < oo and null
recurrent otherwise.
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Remarks. R

% The continuous-time Markov chain X and its embedded discrete-time Markov chain X share
all the above properties (except for periodicity).

* X is said to be ergodic if it is irreducible and positive recurrent (and as before, in a finite-state
chain, irreducible implies positive recurrent).

2.2.6 Stationary and limiting distributions

The following theorem is the equivalent of Corollary 1.13 for discrete-time Markov chains.

Theorem 2.17. Let X be an ergodic continuous-time Markov chain. Then it admits a unique
stationary distribution, i.e. a distribution 7* such that

TP(t) =7, VieR, (18)

Moreover, this distribution is a limiting distribution, i.e. for any initial distribution 7(0), we
have

lim 7(t) = 7 s
t—o0

Remark.
Equation (18) is not so easy to solve in general, but it can be shown to be equivalent (modulo a
technical assumption) to the much nicer equation

mQ=0, ie Y mq;=0, Vj€S (19)

€S

Here is the main proof idea in one direction: if 7* satisfies (18), then 7*(P(t) — P(0)) = 0,

Vvt € R.. So
lim <M> 0

t—0 t

o —_ : ; , dP
which in turn implies (and here comes the technical detail that we skip) that ™ —CE(O) = 0,
ie. @ = 0.

Example 2.18. (two-state continuous-time Markov chain)
Turning back to the two-state continuous-time Markov chain of Example 2.16 (which is er-

godic), we need to solve
-2 A
iy, 1 =0
wor) (22

which leads to (7§, 77) = (/\MTW ﬁ) Notice that this result could also have been obtained by

taking the limit ¢ — oo in the expression obtained for (mo(t), m1(t))-
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Example 2.19. (birth and death process)
Let (X;, t € R,) be continuous-time Markov chain with state space S = N and infinitesimal
generator

ifj=1—1
-\ ifj=0 M}\ .fj. .
e . —A—p 1] =1 .
=g % fi=1 and ¢; = fori > 1
Her = L Y i =b 41
0 otherwise )
0 otherwise

So vy = A and y; = A + pfor ¢ > 1. Moreover, the embedded discrete-time Markov chain has
the following transition probabilities:

a:q_m_:l -y _ i _ A G _ G _ K
01 Vo ) 1,1+1 v, A+ M; 7,5—1 v, \ '+ _,LL
corresponding to the transition graph
. B =
4 q q

where p = FAM andg=1—-p= ﬁu, i.e. this chain is a random walk on N.
Let us now look for the stationary distribution of the continuous-time Markov chain, if it exists.

*If A\, u > 0, then the chain is irreducible.

#If A\ > p,i.e. p > g, then the chain is either transient or null recurrent. so there does not exist
a stationary distribution.

* If on the contrary A < pu, i.e. p < g, then the chain is positive recurrent, and solving the
equation 7*@) = 0 in this case leads to

Toqoo + ™ qo =0, Mi—1 @1, + T Gis + Tig1 Qi1 = 0

Amo+pm =0, Am—i— A+ p)m+pmip =0

So

A 1 A\’
m = — Mo, 7T2:—(()\+/L)7T1*>\7T0):<—> o
T 1 T

A" A A2
T = — o, o 1+—+—§+ =
I B
A\ * '}
7r,::<—> (1——>, keN
I m

This concludes these short lecture notes on Markov chains.

and by induction,

i.e., finally,
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